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Abstract. Standard Gaussian term structure models impose the Markov property: the
conditional mean is a function of the risk factors. We relax this assumption and consider
models where yields are linear in the conditional mean (but not in the risk factors). To
illustrate, yields should span expected inflation but not inflation. Second, expected and
surprise yield changes can have opposite contemporaneous effects on expected inflation.
Third, the survey forecasts and inflation rate can both be in the state. These three features
are inconsistent with the Markov assumption. These effects matter empirically in the USA
and in Canada.
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1. Introduction

Standard affine macro-finance term structure models (MTSMs) require
that yields be linear functions of the risk factors Z, RV7—the spanning
property—and that the conditional mean of the future risk factors
E,=E|[Z,1] be a linear function of the same risk factors—the Markov
property.! See, for instance, Joslin, Singleton, and Zhu (2011) and Joslin,
Le, and Singleton (2013a), JSZ and JLS, hereafter. We introduce the family
of Conditional Mean MTSM (CM-MTSMs) where (i) yields span &, but
not Z, and where (ii) Z, does not have the Markov property but &, does.
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circulated under the title: “Forecasting Inflation and the Inflation Risk Premium using
Nominal Yields”.

' The Markov property requires that the conditional distribution of Z,.; be a function Z,,
but this is equivalent to requiring that the conditional mean be a function of Z, in
homoscedastic Gaussian MTSM:s.
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The standard model leaves no separate role for the conditional mean in the
behavior of yields—¢&, is a linear function of Z,. We loosen this link parsi-
moniously, offering three key contributions.

First, the model implies that yields span expectations about future Z; but
not the current value. The assumption that yields span the current value Z, is
hardly supported in the data. For instance, Joslin, Priebsch, and Singleton
(2014) (JPS) argue that current macro variables are weakly related to current
yields and impose restrictions on the pricing kernel to limit the information
span of yields.? Similarly, Duffee (2011) suggests that factors with opposite
effects on expectations and on the risk premium can be hard to measure. We
provide an alternative resolution where, in the example of inflation, bond
yields should span inflation expectations but not inflation itself. This dis-
tinction is blurred in Markovian models.

Second, &, mixes information from the innovations u, = Z, — £,_; and the
information contained in prior expectations &£,_;, allowing in a direct and
natural way for the opposite effects of expectations and innovations on
future macro variables (Phelps, 1967; Friedman, 1968). For instance,
expected and unexpected yield changes, including unexpected policy
actions, affect future inflation with opposite signs. The weights on u, and
&,-1 are equal if (and only if) Z, has the Markov property, nesting standard
MTSMs. In addition, allowing for different weights implies that &, is ultim-
ately a function of the entire history of Z,—much as the conditional variance
is a function of past returns in a GARCH model. Therefore, CM-MTSMs
parsimoniously capture the fact that the inflation dynamics involve several
lags of inflation (Kim, 2007) and of other macro variables (Ang, Piazzesi,
and Wei, 2006).

Third, CM-MTSMs reconcile two strands of the literature. The first uses
observed macro variables as risk factors driving yields (inflation, say). The
second uses (inflation) survey forecasts (Piazzesi and Schneider, 2009; Chun,
2011). However, in the latter case, shocks to macro variables are left outside
the model and the corresponding risk premium (the inflation-risk premium)
is unidentified. The CM model maintains the connection between inflation
and its conditional mean. We can easily include both inflation and survey
inflation forecasts within the non-Markovian state dynamics and guarantee
that the survey forecast corresponds to the model-implied conditional mean,
up to some measurement error. In a Markovian model, this is only possible if

2 In their empirical implementation, JPS use the Chicago Fed National Activity Index to
measure real economic activity, and surveys of professional forecasters by Blue Chip
Economic Indicators to measure inflation. In effect, JPS assume that yields do not span
expected inflation.
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measurement errors are zero, whereas the survey forecast is the model con-
ditional mean.?

We use predictive regressions to argue that yields nearly span inflation
expectations, to motivate that yields span &, up to a measurement error.
Since &, has the Markov property, it suffices to know &, to forecast any
future Z,,;, using the law of iterated expectations. This requires model fore-
casts to be efficient but not necessarily the same as the survey forecasts. We
check below that model forecasts match the accuracy of survey forecasts out-
of-sample. Empirically, we estimate models with two yield factors and two
macro variables—the first two principal components (PCs) from yields, the
inflation rate and the unemployment rate. We estimate the CM model for
the USA, using nominal yields, survey forecasts, and inflation swaps. We
estimate the same models for Canada, using nominal yields and survey data,
as well as a constraint on the inflation Sharpe ratio, to pin down the infla-
tion—-risk premium. For both countries, we also estimate the restricted
Markovian VAR. The results make clear why relaxing the Markovian as-
sumption is important to study the interaction between the macroeconomy
and bond yields.

First, the estimates imply that yields span macro expectations in the CM
model. Loadings on expected inflation range from 1.16 to 0.61 between the
short rate and the 10-year bond, and loadings on expected unemployment
range between —0.36 and —0.20. In contrast, these loadings are essentially
zero in the VAR. In addition, the CM model produces the best inflation
forecasts, supporting the assumptions that yields span &,. Forecasts from the
CM model and forecasts from surveys produce similar out-of-sample root
mean squared errors (RMSEs) for both Canada and the USA. Relative to
the VAR, the CM model reduces the RMSE by as much as 20% when
forecasting 2-year cumulative inflation.

Second, inflation expectation updates use very different weights on the
prior expectations £, and on the innovations u,. The weight on lagged
expected inflation is close to one, but the weight on inflation innovation is
close to zero. Similarly, expected and surprise yield changes affect inflation
with opposite signs. Expected inflation increases with an expected steepening
of the curve but decreases with a surprise tightening of the curve. Expected
inflation decreases with higher expected unemployment but increases with
unemployment shocks. The VAR model cannot differentiate between these

3 Other cases exist, but these restrict the rank of the state covariance matrix or the rank of
its auto-regressive matrix: either one state or one of the conditional means is not
independent.
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effects; the loading estimates are close to zero, wrongly implying that yields
do not span expected inflation.

Survey data help reduce sampling uncertainty and lessen the bias in per-
sistence parameters.* In addition, survey forecasts are difficult to improve
and using survey data helps forecast inflation (Ang, Bekaert, and Wei, 2007;
Faust and Wright, 2011). We use inflation swaps to pin down the inflation—
risk premium.’> We study the robustness of the CM and VAR results
obtained when using yields, inflation swaps, and inflation survey forecasts
for estimation (Case A) to cases where we exclude inflation swaps (Case B)
and where we also exclude survey forecasts (Case C). When excluding swap
data (Cases B and C), or when these data are unavailable, as in Canada, we
constrain the Sharpe ratio to plausible values, following Duffee (2011).° The
CM model generates similar yield decompositions across cases. In contrast,
the VAR estimates of expected inflation change dramatically when we
exclude survey data, as do the estimates of the inflation-risk premium
when we exclude inflation swaps. Therefore, the CM model can be used
when the real and nominal markets are not integrated, whereas real bonds
incorporate a liquidity premium (e.g., Campbell, Shiller, and Viceira, 2009;
Fleckenstein, Longstaff, and Lustig, 2013), or when survey data are not
available at the sampling frequency.

We provide the first risk-adjusted decomposition of nominal yields in
Canada. The average nominal yield curve is upward-sloped, but the
average real curve is downward-sloped. We find that the slope of nominal
yields is due to the upward-sloped inflation-risk premia. In addition, real
yields are more cyclical than nominal yields in Canada because the inflation-
risk premium is countercyclical. In other words, inflation shocks are
perceived as risky at the bottom of the cycle. This amplifies the transmission
of policy rate decisions to the real curve. This contrasts with results for the
USA where the inflation-risk premium is procyclical, dampening the effect of
policy rate changes (Chernov and Mueller, 2011). One conjecture ties this
difference to the different mandates given to each central bank.

4 Kim and Wright (2005); Kim and Orphanides (2012); Bauer, Rudebusch, and Wu (2012);
Jardet, Monfort, and Pegoraro (2013).

5 Recent papers also use additional instruments: Chen, Liu, and Cheng (2010); Christensen,
Lopez, and Rudebusch (2010); D’amico, Kim, and Wei (2010); Chernov and Mueller
(2011); Haubrich, Pennacchi, and Ritchken (2012). Ajello, Benzoni, and Chyruk (2012)
combine core, food, and energy inflation.

6 See also Chernov and Mueller (2011) who limit the variability of the pricing kernel, and
Bauer and Diez de los Rios (2012), who limit the Sharpe ratio in the context of a
multicountry term structure model. A very tight constraint on the inflation Sharpe ratio
(as in Ang, Bekaert, and Wei, 2008) is rejected in the data.
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JSZ, JLS, and Chun (2011) are the most closely related papers. In our
case, the state Z, spans the macro variables M,, while &, spans the cross-
section of yields. In JLS, the state Z; spans macro variables and yields.
Nonetheless, the family of CM-MTSMs nests the JLS model up to a
matrix X* controlling the weights put on u, and &,_; in updating expect-
ations. The CM-MTSM family also nests JSZ’s yield-only dynamic term
structure models (DTSMs) if no macro variables are included in the
model. If we use survey forecasts as observations for &, excluding other
macro variables, we have the framework of Chun (2011).

The decomposition of nominal yields has a long history going back to
Fisher (1930). Recent work includes Pennacchi (1991), Ang, Bekaert, and
Wei (2008), and the references therein. Kim (2007) provides insight into
some of the challenges involved. Monfort and Pegoraro (2007) also
consider non-Markovian term structure models, but with regimes and with
finite lags. They find that two lags of the yield factors match the predict-
ability evidence. Joslin, Le, and Singleton (2013b) consider an asymmetric
formulation where the yield factors have the Markov property under the
pricing measure but not under the historical measure. Feunou and Meddahi
(2007) analyze more general departures from the Markov assumption.

The remainder of this article is organized as follows. Section 2 follows and
introduces the model and discusses its properties in relation to existing spe-
cifications. Section 3 describes the data and the estimation method. Section 4
reports the results. Section 5 concludes. All proofs are provided in the
Appendix.

2. A Macro-Finance Conditional Mean Model
2.1 SPANNING SURVEY DATA WITH YIELDS

Our approach has that conditional means drive bond prices. Conversely, bond
yields span conditional means, up to measurement errors. Before we proceed
with the formal model development sections, we first provide a simple and
direct assessment of whether yields span the conditional mean of inflation,
which is the focus of our empirical implementation. We use survey forecasts to
proxy for conditional expectations in a contemporaneous regression:

EF = oy + BPCos + er i, (1)

where PC,, is a vector stacking the first n PCs of yields and where EIS’IZF is the
median forecast from the Blue Chip Financial Forecast (BC) Survey
observed at time ¢ for the horizon 4. We use up to four PCs from yields,
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Table I. Spanning regressions

Panels A and B: R’s from contemporaneous regression of survey forecasts on PCs from
yields. Survey forecasts cover the current quarter up to four quarters ahead, Q0, Q1, Q2,
Q3, and Q4, respectively. We use vectors of PCs that include either one, two, three, or four
PCs from yields, PCy ;, PCy;, PCs;, and PCy,. Panels C and D: R®s from similar regres-
sions for quarterly all-item urban CPI inflation rate and quarterly unemployment rate.
Monthly survey data from Blue Chip, Gurkaynak, Sack, and Wright yield data, 1985-2012.

Panel A: spanning CPI inflation forecasts Panel B: spanning unemployment forecasts

PC, PC PC3 PC4 PC, PC» PC, ;3 PC4
QO 31.5 31.7 31.9 322 Q0 7.6 447 49.9 56.3
Ql 71.5 71.5 71.9 73.3 Ql 8.4 44.5 50.9 57.5
Q2 80.6 81.1 82.3 83.6 Q2 8.5 42.5 50.3 57.7
Q3 82.0 83.6 84.8 86.4 Q3 8.2 39.9 48.5 56.7
Q4 82.3 85.3 86.9 88.2 Q4 7.5 37.5 46.3 55.7

Panel C: spanning CPI inflation rate Panel D: spanning unemployment rate

PCy PCy» PC,3 PCy 4 PCy PCy» PC,; PCy 4
Obs. 10.8 11.4 13.4 13.4 Obs. 7.8 44.5 50.6 57.4

and consider forecasts of quarterly CPI inflation and the unemployment rate
where the horizon ranges between the current quarter and up to four
quarters ahead.” We use the regression’s R* to measure the spanning
relationship.

Panel A of Table I reports the results in the case of inflation. The R’s from
the inflation forecast range between 72% and 82% when using the first
component of yields, PC; ;. We find similar results using the quarterly
Survey of Professional Forecasters (unreported). Adding other PCs widens
that range to 73-88%. Forecasts for the current quarter provide an excep-
tion to the rule, with an R? of 32%. Forecasts of the current quarter capture
realized changes in CPI, which are volatile and often idiosyncratic. It seems
unlikely that yields are affected by these variations. For instance, Panel C
shows that yields span only up to 13% of quarterly CPI inflation.

Although unemployment is not our focus, Panel B of Table I reports the
results for unemployment forecasts. The Rs reach 40% when two of the
yield components are included, and up to 57% when all four components

7 We match the BC forecasts with yield components observed on the 15th of the middle
month of each quarter (or the preceding business day). The exact survey date has changed
over time.
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are included. Panel D shows that yields also span 57% of the realized un-
employment rate.

The fact that yields span as much as 88% of inflation forecasts and close
to 60% of unemployment forecasts, but as little as 13% of observed infla-
tion, motivates a term structure model where yields span conditional means,
which is the focus of this article.® Note that we only require that yields
provide a valid conditional expectation. The above R> is not 1 and the
data may not support the restriction that the expectations implicit in
yields are equal to the survey forecasts. Indeed, survey participants do not
report identical forecasts, exhibiting a fair degree of disagreement (see, e.g.,
Mankiw, Reis, and Wolfers, 2003), and there is no reason that the median
response should agree with the investors’ expectations implicit in yields.
Hence, we require in the following that the model and survey forecast
errors differ by an unpredictable component. We also check that model
and survey forecasts have similar accuracy.

2.2 CONDITIONAL EXPECTATIONS AS YIELD FACTORS

We build the family of CM-MTSM starting with the conditional distribution
of the latent factor Z, € RVZ. Its conditional mean under the historical
measure P,

&= ElZ04], (2)
drives the one-period interest rate i
i = po+ ,0/15[- (3)

The dynamics of &£, under the risk-neutral measure Q is given by

A&y = KE)Q + K(l@gf + 256%17 )
where e(toil is a Gaussian white noise. The n-period nominal yield is defined

by

) 1 n—1 )
P = _;lnE?[eXp_{Z (po + P15t+j)”>

J=0

8 JPS find that yields span no more than 32% of their real activity measure and argue—as
we do—that macro variables are not spanned by yields. They also find—as we do—that
yields nearly span survey-based inflation forecasts, with R%s up to 88% in their paper. They
do not discuss whether expectations should be spanned in a term structure model.
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and the following closed-form solution:

ygn) =ay+ b;,(‘:ts ®)

with the coefficients g, and b, given in Appendix Al. Equations (2)—(5) are
standard: they postulate a set of yield factors & (Equation 2) driving the
short rate (Equation 3) and with Markovian dynamics under Q (Equation 4)
so that the solution for yields is affine (Equation 5).

Note that &; plays two roles. It represents a set of risk factors driving
yields and it represents the conditional mean of Z,. Forward-looking yields
are consistent with long-run risk equilibrium models (e.g., Hasseltoft, 2012;
Bansal and Shaliastovich, 2013). Forward-looking rules for the short rate are
discussed in Ang, Dong, and Piazzesi (2007) in the context of affine term
structure models. However, the distinction between rules that depend on Z;
and forward-looking rules that depend on &; is blurred in Markovian
models, since &, is a function of Z,. This distinction plays an important
role in what follows.

2.3 HISTORICAL DYNAMICS

The change of measure &, is exponential-affine:

exp(hier)

fri=————ag = (6)
Et[eXp()\te(,%Q]
with the Az x 1 vector of prices of risk A, given by
Ae=ho+ME; (N

The change of measure & and the prices of risk A, are standard (Piazzesi,
2005), but with the difference that they are functions of &£, and not Z;: the
risk premium is forward-looking. From standard results, the combination of
this pricing kernel with Gaussian innovations in Equation (4) implies the
following dynamics for &£, under the historical measure P:

Al =Ky + K&+ Teely, (8)
with parameters given by

Kb = K — Zeig )
K =KY— %ei). (10)
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The dynamics for &, require identification assumptions. These are provided
in Proposition 1, which is an adaptation of Proposition 1 in JSZ.

Proposition 1
Every canonical CM-MTSM is observationally equivalent to a canonical
CM-MTSM with i, = 1-&,, where 1 is a vector of ones, and

A€y = Ky + KT E + el (11)
A& = Ky + K&+ Deey (12)

where €8 and 6(,@ are Gaussian white noise under Q and P, respectively, and K(l@
is an ordered real Jordan form, Kgl = k3, Ké?il. =0 fori>1.

The proof follows the same steps as the proof for Proposition 1 in JSZ, but
substituting &, for their generic X,.

2.4 EXPECTATIONS AND STATE VARIABLES

The yield factors &, span the conditional expectations of Z,,; by construc-
tion: Z,.1 =&, 4+ u, for some zero-mean unpredictable innovation u,y.
To complete the dynamics of Z,.;, we assume that u,,| corresponds to a
rotation of the innovations in £, 1,

Zi1 =&+ Ze,,. (13)

That is, u; = Eeil where ¥ is lower diagonal and positive-definite.
Substituting €, = X '(£,41 — &) in Equation (8) and rearranging
slightly, we have that

E1 = Ky + Uy, + KDE + Ze2 (21 — &) (14)

In other words, the conditional mean &, at time 7+ 1 is a combination of
its previous value &, with weight I, + K? and today’s surprise 2,11 — &
with weight X7, One can check that the conditional mean of Z,,; is
given by

A5t+1 = KE)P + K[FZI: (15)
and that Z, is Markovian (i.e., a VAR(1)) if the following restriction holds:
Y2 =1y, + K. (16)

The restriction in Equation (16) shows that a Markovian model mixes the
previous value &; and the surprise term Z,,.; — &, with equal weights to
update the expectations &y .
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The assumption that the same shocks drive Z, and &, is uncontroversial: it
holds in a VAR(1) model (see Equation (15)). The only novel assumption is
our departure from the Markovian restriction (16). Piazzesi and Schneider
(2006) also feature a non-Markovian model with learning, and the condi-
tional mean dynamics are similar to the state dynamics in some long-run risk
models.’ In addition, most dynamic stochastic general equilibrium (DSGE)
models imply that endogenous state variables and their expectations share
the same set of structural shocks.'” Finally, a conditional mean dynamic
model is closely related to the standard GARCH model where the squared
innovations drive the conditional variance.

Importantly, &, is not the conditional mean of Z,;; under the risk-neutral
measure Q. This is given by

&2 =&+ w57 (K - K§) + =37 (K7 - KT)e, (17)

(see Appendix A2). Therefore, 8(,@ is an affine transformation of &,
and inherits the Markov property under Q. It follows directly from
Equation (17) that the risk premium—the spread between &; and S(t@—is
given by

EX_ & =+ &,

It follows that (i) the risk premium in a CM-MTSM depends on the entire
history of Z; via the recursion for & in Equation (8), and (ii) the risk
premium is forward-looking.

2.5 FROM LATENT TO OBSERVABLE FACTORS

Observable variables may include macro variables M, and yield factors P;.
Take a number 0 < N, < Nz of macro variables M, that are spanned by
the state Z,,

M=y +nZ, (18)

° See, in particular, the NBER version of Bansal and Yaron (2004).

10 Including cases where the linearized model has a VAR(1) representation. In addition, the
state variables often do not have a finite-order autoregressive representation and, in that
case, the solution to the DSGE has a recursive structure similar to Equation (8). See
Fernandez-Villaverde, Rubio-Ramirez, and Sargent (2005), Ravenna (2007) and the refer-
ences therein on the invertibility problem associated with finding a finite-order VAR rep-
resentation in (linearized) DSGE models.
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where vy is a Ay x 1 vector and vy, is a Ny x Nz rectangular matrix.
In addition, take N'; =N, — N, observed portfolios of yields P, that
are measured without errors,

Pr= Wy, =aw+ byé&,,

where y, stacks the cross-section of N > Nz individual yields given by
Equation (5), Wis a N x N matrix of weights, ay = Wlay, ...a,,], and
by = WIby, ...b,,]. This framework can accommodate different numbers of
observable macro variables M, and yield portfolios P,. Proposition 2
provides the joint dynamics of the observable.

Proposition 2
The N 7 x 1 vector of observable X,,

X = [ P, :| =C+ D12, + D¢, (19)

with C, D, and D> given by

coz] oel) e} w

follows a conditional mean model analogous to Equations (11)—(13) and (17).

The result follows from applying the mapping in Equation (19) to
the dynamics of Z,. The mapping between parameters is provided in
Appendix A3.

We can then use the observed macro variables M, and yield portfolios P,
to obtain an equivalent CM model based on the observable X, instead of the
latent Z,. Combined with the model identification from Proposition 1,
Proposition 2 gives rise to a canonical form similar to that of JLS but
with one important distinction. In their Markovian setup, the state variables
Z, necessarily span yields and macro variables, while in our case there is a
separation. The states Z, span the macro variables M, while &, span the
cross-section of yields. This separation is possible because Z, is not
Markovian—¢&; is not a function of Z;. The following theorem formalizes
the canonical form. Relative to JLS, the parameterization introduces the
matrix X*, with dimensions varying with the number of macro variables;
its role is discussed in the following section.

Theorem 1
Canonical Form.

Suppose that the N'; portfolios of yields P, and the N y; macro variables
M, are observed without errors, with N'y + Ny = Nz, as in Proposition 2.
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Then any canonical CM-MTSM is equivalent to a unique canonical
CM-MTSM whose state variables are X, = [M, P;]. That is, the short rate
is given by

i = pox + P)xEx. 1 (21)
and the dynamics of SP/{’, = E[X 1] under Q and P are given by

P P
Ay 1 = K(O@X + K(%(gx,z + EEXG(%, 41

(22)
Agx +1 = KEX + KIIPXEIE’J + E&*EI/E\; +1°
The dynamics of X,y are given by
X1 = g%,t + EXG%, +1
(23)

X1 = 5&,: + EXEH/‘:’, +1
under Q and P, respectively, and where the link between 5%[ and 52’ —the risk

premium—is given by

E3. =&+ Txg) (K — Kox) + SaSz (K — Ky )Ehe 4
The canonical form is parameterized by

Y= (KEX, K[FXa A@,k;‘%, Y0, Y1 Xy E*),

where $* is a Ny x Nz matrix (see Appendix A4 for details).

2.6 DISCUSSION

2.6.a Dynamic MTSMs—Joslin, Le, and Singleton (2013a)

Our canonical form nests the Markovian macro-finance DTSM in JLS
whenever Z¢, = (I, + Kiy)Zx. As discussed in Section 2.4, this restriction
implies that X; is Markovian under IP and, therefore, that SH;{ . and 5% , are
affine functions of X, (see Theorem 1). In turn, this implies that X +1 follows
a Gaussian VAR(1) under Q and that both yields and macro variables are
linear in X,. In this case, the matrix ¥* drops from the parameterization. We
can either estimate $¢, and compute Ty = Z¢,(Iy, + Kiy)~', as before, or
we can estimate Xy directly, as in a VAR(1).
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2.6.b. DTSMs—Joslin, Singleton, and Zhu (2011)

Our canonical model also nests the yield-only model in JSZ. Consider the
expression for Xy in terms of ¥* and other model parameters given in
Appendix A4:

2*
Yy =D)D 'S¢, + ( ) (25)
O xA)
D = D\ + Dy(K} + I,). (26)

where D; and D, are given in Equation (20)."" If X, = P,, then Theorem 1
has that N = Nz, ¥* =0, D; = 0 and D, = by. Then, Equation (25) yields
Y, =Zx + KIFXEX, implying that P, follows a VAR(1) under Q and P, as
in JSZ. Hence, there is no difference between standard and CM DTSMS in
this specific case. Note that y, and 7y; are zero and drop from the
parameterization.

Alternatively, considering cases beyond Theorem 1, one could substitute
additional yield portfolios for the missing macro variables in Equation (18).
Then, the yield portfolios have CM dynamics unless the Markovian restric-
tion holds, which would yield again to JSZ. Note that Theorem 1 must be
modified slightly (yo and y; would now link some yield portfolios to Z,, but
would not be free in that case).

2.6.c. Dynamic macro-only term structure models

The opposite case excludes yield factors and only uses observable macro
variables, X; = M,. Then, ¥* is square (since Ny =Nz), Zy can be
estimated separately from Xg,, and X, has unrestricted conditional mean
dynamics. Its P-parameters can be estimated directly based on the macro
variables. In addition, the cross-section of yields is driven entirely by the
history of macro variables, and the risk-neutral parameters can be estimated
using £y, filtered from the recursion in Equation (8). We do not consider
this case in the empirical application. We focus on cases where X; mixes
macro and yield variables.

"' The definition in Equation (26) involves parameters from the generic representation. An
alternative definition based on the parameters of canonical representation in Theorem 1 is
given by

(1, @ D1 + (I, + Kiy) @ D2 )vec(D™") = vee(Iy, ),

which is well defined if the first term can be inverted (which is how we proceed, in
practice).
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2.6.d. Survey-as-mean models—Chun (2011)

Our approach is also closely related to models where survey forecasts are
used as yield factors (Chun, 2011). But there are drawbacks to including
survey inflation forecasts m; in the observable M, instead of in the
underlying macro series. First, this approach assumes away expectation
errors in survey forecasts. Second, survey participants do not report identical
forecasts and it is not clear that the median response is consistent with the
expectations implicit in bond prices. Third, Section 2.1 suggests that survey
forecasts should not be included in the span of yields.

More importantly, using 7; instead of m;, or surveys instead of macro
variables, breaks the link between the conditional expectations and the
observed macro series. Therefore, the model remains silent about the infla-
tion-risk premium. However, our canonical form nests an extended version
of Chun’s 2011 approach where we include both the inflation rate and the
survey inflation forecast. Once M, combines 7, and =}, the challenge is to
find the set of restrictions guaranteeing that 7} corresponds to the model
conditional mean up to a measurement error.'> Continuing with the example
of inflation, we have that

T = Va0 + Vi Zis (27)

and its conditional mean is given by &, ,= E/[m1] = ¥xo + VoE[Z:41]
= ¥n0 + v;E:. Then, ) and &, , differ by some measurement errors 7 only if

T = Vo + Vo€ 115, (28)

where (i) E°[n{] = 0 and (ii) cov(r}, ny) =0 h>0.In turn, Equation (28)
implies restrictions on parameters of the P-dynamics. With no loss of
generality, consider the case where 7, and 7} are ordered first and second
in the vector X, respectively. Then, the following condition

Kiy=0 and S=e—(I+Kiy) e; =0

implies that ] is a measurement error (e; has its i-th element equal to 1 and
equal to 0 otherwise). In other words, ¢|Kfy =0 requires that the first
element of the constant be zero and § = 0 requires that the second line of

12 If survey data are used within a measurement equation, as we do in Section 3.2.3, there
is no need to impose parametric restriction within the conditional mean specification (or
within the nested VAR(1) specification).
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the autoregressive matrix be equal to ¢5. Clearly, this condition can be im-
plemented easily. It also has an intuitive economic interpretation:

Eny = Ex, = \(Kiy + I+ K )Ex. -1 + Zep€;)
= ehEx 1 + €| Te e

— o X / / P (29)
= €yly + (el EgX - eZEX)Gf

_ =5 ! nP P
=, —€,0yXxe,,

where 6% = I+ K}, — £, 23", The model-implied forecast corresponds to
the survey forecasts plus a rotation of innovations in X, (including the in-
novations in survey forecasts). This guarantees that Equation (28) holds."?
This simple condition, linking two strands of literature, only affects the
likelihood of the inflation rate and it does not affect the fit of the remaining
variables (relative to the unrestricted case). Of course, this link is also avail-
able in Markovian models (i.e., if #5 =0) but at the added cost that
var(n}) = 0. In other words, the model inflation forecast must correspond
exactly to the survey forecast if the process is Markovian. Otherwise,
Equation (28) cannot hold.

2.6.e. VARMA representation

The conditional mean representation was introduced by Fiorentini and
Sentana (1998) in the context of time-series models, and differs significantly
from the standard (VAR) representation used in macro-finance models.
Nonetheless, the processes for Z, and X, have equivalent representations
within the broader family of VARMA processes. For instance, combining
the equations for Z, and &, together [i.e., Equations (8) and (13)] yields the
following equivalent unrestricted VARMA(1,1) process:

Zip1 = KIg +¢°Z, — QPEEI,P + ZE],PH, (30)

where
¢ =1Ly, +Ki 0 =¢" - Tz

We can obtain similar representations for Z; under Q and for X; under each
measure. Note that #° = 0 if and only if Equation (16) holds. In addition,

13 The necessary and sufficient conditions for cov(n;,m,,) =0 h >0 is given in Equation
(A.23) of Appendix A6 in the case with several macro and survey variables. This results
makes clear that Equation (2.6.4) can hold for alternative sufficient conditions. In this
section, we only consider one sufficient condition that impose no restrictions on the covari-
ance matrix (which are not free in the canonical form).
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note that 65 in the VARMA representation for X, cannot be estimated
separately from the other parameters (see Equation (25)). Any VARMA
process has an equivalent VAR(1) representation, but with an extended
state vector. Specifically, the 2N x 1 extended vector Z’ [Z, &]] follows
the VAR(1) process:

AZ =KL+ KLZ, |+ 352, 31)

with several cross-equation restrictions given by

KQ _ [OZEQ;}’ KQ:[ —Iy, INZ} .

z
0Z 1z 0N, =

— E 0N7><N7
N 25 0N><N

2.6.f. Using the extended VAR representation

Given the extended VAR(1) representation, it may be tempting to apply the
canonical form of JLS to the vector Z,. Recall that JLS apply affine trans-
formations to the latent VAR(1) process to achieve an observationally
equivalent representation, but with a convenient parameterization.
However, the argument applies only if the parameters KQZ, K?Z, and X,
are unrestricted. This is not the case here, and the cross-equation restrlctlons
are the essence of our message. Those restrictions guarantee that one block
of Z,—the yield factors £—spans another block of Z,—the conditional
expectation of Z,.

First, the restrictions on K?Z~ imply that the Jordan form UK?*)~ U~!in JLS
(for an appropriate matrix U) embodies several eigenvalue restrictions with
no convenient expression. Second, the desired rotation UZ,U~! is not arbi-
trary and depends on cross-equation restrictions. Third, the covariance
matrix X does not have full rank, implying that the covariance matrix of
the transformed vector does not have full rank and, therefore, that the like-
lihood function is singular and cannot be used for estimation unless we can
deduce the appropriate dimension reduction. But this depends on the initial
matrix ¥, or else the dimension reduction is not observationally equivalent.
In addition, the standard essentially affine price of risk specification,
Ay, =Xz, + Az 2, is not identified. Heuristically, not all the blocks of
the matrix A, are identified, because there are only N 7 sources of risk.

3. Data and Estimation

We estimate different versions of CM-DTSMs based on USA and Canadian
data separately. The objective is to highlight key differences between our
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approach and the standard Markovian model. For the USA, we estimate
three cases, and the models are estimated based on different combinations of
data. These include the term structure of nominal yields, of inflation swaps,
and of inflation survey forecasts, to mitigate the effect of sampling uncer-
tainty and to obtain better estimates of each component of nominal yields.
For Canada, inflation swaps are unavailable, but we constrain the inflation
Sharpe ratio to obtain a reliable decomposition of nominal yields.

3.1 DATA

The observable vector X, includes two macro variables (N, =2) and
two yield portfolios: our specification has four latent factors (N7 = 4).
Specifically, we use the monthly inflation rate 7, = In-£- and the unemploy-
ment rate g, (i.e., M, = [r;, g;]). The yield portfolios are the first two PCs of
yields, labeled level and slope, respectively (i.e., P, = [/;, s;]). The sampling
frequency is monthly.

For the USA, we use data between January 1985 and December 2012. We
use zero-coupon yields for maturities of 3 months, 6 months, and annually
between 1 and 10 years, available from the Gurkaynak, Sack, and Wright
(2006) data set available from the Federal Reserve Board. The unemploy-
ment rate and the inflation rate data are available from the Bureau of Labor
Statistics.'* We use the median of the inflation forecasts from the BC
Financial Forecasts Survey. This survey is conducted monthly since 1985
and requests a forecast of the (annualized) CPI inflation rate for the current
and future quarters up to five quarters ahead. Finally, we use zero-coupon
inflation swap data with 2, 5, and 10 years to maturity, which are available
from Bloomberg starting in March 2005.

For Canada, we use data between January 1992 and December 2012.
Zero-coupon yields are available from the Bank of Canada. The unemploy-
ment rate and the inflation rate data are available from Statistics Canada.
We use the median inflation forecasts from the survey of professional fore-
casters by Consensus Economics (CE)."> In the last month of every quarter,
the survey requests a forecast for each of the remaining quarters in the

4 See http://www.federalreserve.gov/pubs/feds/2006/ for the yield data. We use the season-
ally adjusted unemployment rate for ages 16 years and older from the Current Population
Survey and the seasonally adjusted consumer price index (All Urban Consumers: All Items).
15 We use the seasonally adjusted all-items consumer price index in Canada (StatCan
Table 326-0020), and the seasonally adjusted Canadian unemployment rate (StatCan
Table 282-0089). See http://www.bankofcanada.ca/rates/interest-rates/bond-yield-curves/
for zero-coupon yield data. The CE survey is conducted in the second week of each
month, but the inflation forecasts are updated only quarterly.
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current calendar year, and for each quarter of the following calendar year.
We use the first five quarters (longer-horizon forecasts are available only
irregularly). Inflation swap data are not available in Canada and outstand-
ing real bonds have very long maturities throughout the sample.

3.2 LIKELIHOOD

We fix the parameters controlling the unconditional means of the state vari-
ables to their respective sample averages. We stack the remaining parameters
in the vector E. Our estimator of E is based on the joint (log) likelihood of
X;, of the cross-section of yields y,, the cross-section of survey inflation
forecast 7j, and the cross-section of inflation swap rates isr,, We impose
the usual stationarity conditions on K¢ and K(l@ We detail each component
of the likelihood, corresponding to different types of measurement
equations.

3.2.a. State dynamics
The first component of the joint likelihood is the conditional likelihood of X;:

(XX, B) =
1 NZ , ’ r\—1
—5 Tln(Zﬂ) + In(det(ExZ) + (X0 — Exi1) (BxZy) (X —Exim1) ¢
(32)
where €y, is given by the recursion in Equation (22) with the initial value
Ex,0 = E[X;] and using the fact that €, | = Z71(Xiy1 — Ex).

3.2.b. Yields

The second component is the conditional likelihood of nominal yields. The
observable X, includes the first two PCs of yields measured without errors.
The remaining PCs of yields, with the Ay x N, loadings W, are stacked
within a vector Py:

Pf = Weyt =da,+ begX,l + nfa

where a, = Wlay, ...an,], be = Wby, ...b,,], and n¢ stacks Gaussian
measurement errors with variance o . The conditional log-likelihood of
P¢ is then given by

N e N\ 2
I(P;|X;; ) = (—% {ln<2na§,n) + (%) }) (33)
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3.2.c. Surveys of inflation forecasts

The third component is the likelihood of the survey data. For the USA, the BC
Financial Forecasts for the (annualized) CPI inflation rate over a given quarter:

— —ES|;Z ntﬂ}, (34)
j=h—2

where /1 is the horizon of that quarter’s last month. In the case of Canada,
the survey asks for a forecast of the average of year-over-year inflation rates
across all months in a given quarter. This is given by

_ 1 ) h
T = gE,( Z (7Tt+j + i1 + 7Tz+j+2)>- (35)
j=h—11

In both countries, we use survey forecasts for the current quarter and the
following four quarters.

We assume that any survey inflation forecast matches the model forecast
up to some i.i.d. 0} , ~ N(0, ‘752', »)» Which may capture measurement errors or
forecasting errors Ey survey participants. Then, we compute the expectation
within the model, leading to a measurement equation of the following form:

7_[?,/1 =dn,h + b;17lng,f + nih’ (36)

where the coefficients a,;, and b, ;, follow from the P-dynamics in
Equation (22). For US surveys, the coefficients are given by
A h = (brr,h - el)/(KIIPX)ilKIgX
/ 1 / n— - n— (37)
on =3 U+ K+ U+ K"+ (U K",

The log-likelihood of the survey data is given by

1 7\
X, cu) - I (2 ) den) U 38
< ol 2[n o +<O's,h (38)
when survey data are observed and zero otherwise (survey data are quarterly
in Canada).

3.2.d. Inflation swap rate

The final component is the likelihood of the zero-coupon inflation swap. The
swap contract specifies a fixed payment based on the rate zsrtm) known today
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but paid m years in the future, and a floating payment contingent on the
inflation rate realization 7,1 + ...+ 712, There is no cash exchange at
initiation. To preclude the absence of arbitrage, the fixed rate is given by

12m
lS}"gm) - |:Z ﬂ’+/j| + nllum (39)

isr
= Qjgr,m + bisr, mgXaf + Nt,mo

where the coefficients aj., and by, follow from the Q-dynamics in
Equation (22) and with the inflation swap measurement error
. ~ N(O, o2, ). The log-likelihood of the survey data is then given by

isr,h
i(isr”12; 5) = ; {m(zm,s, )+ (:’m>2} (40)

3.2.e. Joint estimation versus two-step estimation

We cannot neatly separate the parameters affecting the conditional dynamics
of X, from those parameters governing the cross-section of yields and infla-
tion swaps (under the risk-neutral measure). The covariance matrix X, is the
same under each measure. As shown in JSZ, the remaining parameters that
control the conditional dynamics can be estimated consistently in the standard
Markovian case. This is not the case here. A simple count of parameters in Aq
and A, shows that we cannot freely shift the remaining parameters. In fact,
Equation (25) shows that Xy is not separately identified from X¢, and that the
interaction depends on the parameters from the Q-dynamics via the matrix D
and D, (Appendix A4 details the parameterization from Theorem 1). In other
words, parameters from the Q-dynamics show up in the P-dynamics.
Conversely, the asset pricing implications depend on the parameters of the
P-dynamics. The estimates of £y, drive asset prices but depend on P-param-
eters (via the recursion in Equation (24)). This contrasts with the standard
model, where the two dynamics can be estimated separately unless we impose
additional restrictions on the prices of risk.

3.2.f. Sharpe ratio constraint

Inflation swap rates and real bonds are not reliably available in Canada.
Therefore, the inflation-risk premium will be imprecisely estimated if the
Sharpe ratio is left unrestricted (Duffee, 2010). The one-period-ahead
Sharpe ratio associated with inflation risk,

SR}, = o, "(Em1] — E[mii1]). (41)
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where 02 = Var/[r,41]. This definition corresponds to Fisher’s decompos-
ition, but where the expectation EQ [7,1] is taken under the risk-neutral
measure. Using Equation (24), the real short rate can be written analogously
to the nominal rate, and is given by the first element of o Yo+ 11E x.1)- The
first term in the numerator is the price of a contract that pays the realized
inflation rate. The second term is the investor’s expected inflation. Hence,
the numerator is the inflation premium—the premium to investors for
entering a fair bet on inflation. The ratio SR | is a price per unit of volatility.

We constrain SRY | within a plausible range with a very high probability.
The population distribution of SR, is Gaussian with mean and variance
E[SRT 1= o0;"(ho.x + M| ElEx, t]) and Var[SRT || = 02} Var(Ex, )1,z
respectively. We impose that

—k < E[SRY,] — 1.96Var[SRT ]"* < E[SRT ]+ 1.96Var[SR] ]'* < «,
(42)

with « > 0, implying a probability of 5% that SR}, is outside of the range
[—«, k] in population. We report results for ¥ = 0.2.'® Our approach is con-
sistent with Duffee (2010), who constrains the sample mean of the Sharpe
ratio (but also suggests restricting the population distribution directly), and
with Chernov and Mueller (2011), who penalize the excessive variability of
the term premium.

3.3 MODELS

We estimate DTSMs based on the observable state variables X; and where
nominal yields, inflation survey forecasts and inflation swaps are driven by
the conditional means &,. In each case, we estimate the parameters of the
canonical form in Theorem 1. We estimate the unrestricted Conditional
Mean model (CM) and the restricted VAR model (of order 1). The VAR
is nested in Theorem 1 with the following parametric restriction:

Yy — (I./\[z +KI1PX)EX:

implying that ¥* drops from the parameterization, and that we can estimate
Yy instead of X¢, (see Section 2.6.2). The benchmark CM model has four
factors and forty-nine parameters.

For the USA, we consider three cases, where we vary the set of measure-
ment equations used to estimate the models. Case A uses all measurement

16 We also assess the effect of this restriction, and reestimate the model while varying
from zero to infinity (the unconstrained case). Results are available from the authors.
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Table 1I. Measurement errors—US yields

Standard deviation of measurement errors in annualized percentage for US yields. Cases A—
C include different measurement equations for estimation. Case A includes measurement
equations for the yields, the inflation survey forecasts, and the inflation swaps. Case B
excludes the inflation swaps. Case C also excludes the inflation survey forecasts. Panels
A and B report results for CM models and for VAR models, respectively. Monthly data 12/
1984 to 12/2012.

Panel A: yields RMSEs in CM models

Case 3 6 12 24 36 48 60 72 84 96 108 120
A 0.16 0.07 0.07 0.11 0.12  0.10 007 0.03 002 006 0.09 0.11
B 0.17 0.08 007 0.12 0.13  0.11 0.08 0.04 003 0.06 010 0.13
C 0.17 0.08 0.07 0.12 0.13 0.11 0.08 0.04 003 006 010 0.13

Panel B: yields RMSEs in VAR models

Case 3 6 12 24 36 48 60 72 84 96 108 120
A 0.24  0.11 008 0.17 0.18 0.14 0.09 0.04 004 008 0.13 0.16
B 0.23  0.11 008 0.17 0.18 0.14 0.09 0.03 0.04 008 0.12 0.16
C 0.23  0.11 008 0.17 018 0.14 0.09 0.03 0.04 008 0.12 0.16

equations, combining yield, inflation swap, and inflation survey forecast data.
Case B excludes the inflation swap data, while Case C also excludes the in-
flation survey forecast data. We reestimate the VAR and CM model for each
case, assessing the contribution of different information sets and, more
importantly, how each model’s implications change across information set.

4. Results

4.1 FITTING THE CROSS-SECTION OF YIELDS, SURVEYS,
AND INFLATION SWAPS

In Case A, the joint (log-) likelihood of the data at the estimated parameters
increases by 1287 between the VAR and the CM model, with a
corresponding increase of nine parameters. We can use a likelihood ratio
to construct test-statistics for the null hypothesis that the Markovian restric-
tion holds in the data. Its p-value is essentially zero in every case. Table 11
reports the RMSE of measurement errors for US yields for Cases A—C.
Comparing the fit of yields across models, the results show that the CM
models offer an improvement in every case, by more than 25% in some case.
Comparing the fit across cases for a given model, the results are identical for
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Table I11. Measurement errors—US inflation swap and survey forecasts

Standard deviation of measurement errors in annualized percentage for US inflation swaps
and BC inflation forecasts. Panels B and A report survey RMSEs and swap RMSEs,
respectively. Monthly data 12/1984 to 12/2012.

Panel A : inflation RMSEs Panel B: surveys RMSEs
2 5 10 Q1 Q2 Q3 Q4 Q5
VAR 1.12 0.54 0.34 VAR 0.48 0.44 0.45 0.49 0.27
CM 0.69 0.35 0.21 CM 0.55 0.45 0.46 0.50 0.23

the VAR models. The fit does not improve from Cases A to C, since we
exclude data from the likelihood. The results are very similar across cases for
the CM model as well. If anything, the fit of yields is best when inflation
swap data and inflation survey forecast data are included in the likelihood.'”

Table III reports the RMSE of measurement errors for US inflation swaps
and survey inflation forecasts. Panel A reports the RMSEs for inflation
swaps. The differences between models are large, especially for the 2-year
inflation swap rate, where the RMSE is 1.12% and 0.80% for the VAR and
the CM model, respectively. Panel B reports the survey RMSEs. The fit of
survey forecasts is close. Finally, Table IV reports yields and inflation survey
forecast RMSEs. The results are consistent: the CM model improves the fit
of yields substantially, with no increase in the number of yield factors.

4.2 YIELDS LOADINGS

How does the CM model differ from the VAR in fitting yields? The answer
lies in its spanning property. Figure 1A reports the estimated loadings of
yields (including the short rate) on the risk factor £y ; in the USA. The left
panel shows the loadings on the inflation conditional mean, and the right
panel shows the loadings on the unemployment rate conditional mean. These
loadings are essentially zero for the VAR. This result is consistent with
model 73 in Chun (2011), combining two yield factors and inflation
survey forecasts. He finds small loadings on expected inflation. In other
words, the conditional means of macro variables are unspanned by
nominal yields in these models. This was not preordained: we did not
impose spanning restrictions on the conditional means at estimation. For

7 In contrast, Chernov and Mueller (2011) mention (but do not report results) that four-
factor models have trouble matching yield and survey data, with yield errors increasing
three- to five-fold. The need to include an additional factor that may arise because of their
inclusion of long-horizon survey forecasts, or the much longer sample period.
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Table IV. Measurement errors—Canadian data

Standard deviation of measurement errors in annualized percentage for Canadian yields and
CE inflation forecasts. Panels A and B report yields RMSEs and survey RMSEs, respect-
ively. The Sharpe ratio constraint is set to x = (0.2 in every case. Monthly macro and yield
data 01/1984 to 12/2012. Quarterly survey data Q1-1992/Q4-2012.

Panel A: yields RMSEs

Maturity

3 6 12 24 36 48 60 84 96 108 120

VAR 0.28 0.09 0.11 0.17 0.14 0.09 0.05 0.09 0.11 0.13 0.14
CM 0.18 0.07 0.07 0.12 0.11 0.08 0.05 0.10 0.09 0.10 0.11

Panel B: surveys RMSEs

Horizon
Ql Q2 Q3 Q4 Q5
VAR 0.52 0.59 0.50 0.33 0.29
CM 0.53 0.59 0.51 0.32 0.28

the VAR model, this is not unexpected either. Section 2.1 shows that much
of the variation in the macro variables is unrelated to variations in the yields.

The CM model paints a very different picture. The short-rate coefficients
for the expected inflation and expected unemployment are 1.16 and —0.36,
respectively. The pattern of loadings across maturities indicates that the level
of yield rises but that its slope flattens when expected inflation increases. The
loading on expected inflation decreases to 0.61 for the 10-year bond. Similarly,
the pattern of loadings indicates that the level increases and the slope flattens
when expected unemployment decreases. Panel B shows that the loadings for
Canadian yields exhibit the same pattern. If anything, the influence of macro
variables on yields is larger in the Canadian data, yet the yield loadings on the
macro conditional means remain close to zero in the VAR.

4.3 FORECASTING INFLATION

Figure 2 shows the expected inflation at horizons of 3 months, 1 year, and 2
years from the CM model. Figure 2A and B reports the results for the USA
and for Canada, respectively. Expected inflation is strongly procyclical and
declines from 3% early in the sample to around 2% in 2004 in the USA and
in 1994 for Canada. Figure 2 also shows that the slope of expected inflation

¥T02 ‘2T 800100 U0 8URIUOH UBISeqOY'S-Uesr Aq /610'sjeuunolpio)xo*jou//:dny wouy pepeojumoq


-
(
)
http://rof.oxfordjournals.org/

NON-MARKOV TERM STRUCTURE MODELS 1977

Inflation

0.05 Ungmployn}ent

-0.05} VAR

—+—— CM

-0.1

I -0.15
-0.2

-0.25

-0.3

-0.35

-0.2 -04
2 4 6 8 10 2 4 6 8
years years

US yield loadings

—_
o

5 Inflation Unemployment

0.2
0.1
15 1 0
-0.1
-0.2
-0.3
05| |

-0.4

0 -0.5

-0.6

-0.5 -0.7
2 4 6 8 10 2 4 6 8 10
years years

Canadian yield loadings

Figure 1. Nominal Yield Loadings. Loadings of nominal yields on the conditional mean of
inflation and on the conditional mean of unemployment from the benchmark CM model in
the US (Panel A) and in Canada (Panel B).

changes sign over time. Short-run inflation expectations stand above long-
run inflation expectations when unemployment is high. The slope has been
negative in the USA since 2008.

Yields should span conditional means in CM models. This requires that
forecasts from the model should be as good as any other forecasts. Ang,
Bekaert, and Wei (2007) argue that surveys provide the most accurate
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Figure 2. Term structure of expected inflation. (A) USA; (B) Canada. Expected inflation
from the CM benchmark model, over the horizons 3 months, 1 year, and 2 years in the
USA (A) and in Canada (B). Monthly data from January 1992 to December 2012.

inflation forecasts (see also the survey by Faust and Wright, 2011). We check
that the CM model provides valid conditional expectations, using survey
forecasts as a benchmark. We first estimate the models with data until
December 1991, producing inflation forecasts that correspond to each
survey forecast at the end of that month. For this purpose, we extend the
sample back to 1985 in Canada. We then add 1 month to the estimation
sample, produce new inflation forecasts, and repeat until the end of 2012. At
each date, we also produce forecasts of the annualized inflation rate for
horizons between 1 and 24 months ahead.

4.3.a. Matching survey forecast accuracy

Table V reports the ratio of the inflation forecast RMSEs from the models
relative to the forecast RMSEs from the survey. Panels A and B report
results for US and Canadian inflation forecasts, respectively. No model sys-
tematically improves upon the accuracy of survey forecasts, but most models
perform reasonably well. In contrast to Ang, Bekaert, and Wei (2007), we
find that the VAR and CM models match the accuracy of surveys, confirm-
ing the spanning assumption. The pattern is consistent across countries.
While each model offers similar forecast accuracy when survey data are
available, we show below that forecasts from the CM are superior when
survey data are unavailable. Finally, note that conditional mean spanning
requires ratios close to one but not necessarily equal to one. Survey partici-
pants and bond investors do not have and do not report the same condi-
tional forecasts for future inflation.
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Table V. Can model forecasts improve survey forecasts?

Ratio of inflation out-of-sample forecast RMSEs from the benchmark CM model relative
to the RMSEs from survey forecasts. Monthly forecast horizons. Panel A shows the results
for US inflation where we use monthly BC survey forecasts. Panel B shows the results for
Canadian inflation where we use quarterly CE survey forecasts. The out-of-sample data
start in December 1991 and end in December 2012.

Panel A: US inflation forecasts Panel B: Canadian inflation forecasts
Q1 Q2 Q3 Q4 Q5 Q1 Q2 Q3 Q4 Qs
VAR 1.01 1.02 1.02 1.03 1.00 VAR 0.99 1.04 0.95 1.05 1.04
CM 0.99 1.00 1.01 1.02 .00 CM 1.00 1.03 0.93 0.99 1.02

4.3.b. Using survey data at estimation

The model-implied inflation forecasts are accurate because estimation uses
the likelihood of survey inflation forecasts. Figure 3A reports the ratios of
inflation forecast RMSEs from models estimated using the full likelihood
relative to that from models estimated excluding the likelihood of survey
data (Case A relative to Case C). Figure 3A reports RMSE ratios for US and
Canadian data. The impact of the survey data is apparent. The forecast
RMSE:s deteriorate by 5-10% for 1-year forecasts in US data, and by as
much as 20-25% for 2-year forecasts. The effect is typically larger in
Canadian data. The deterioration is more severe for the CM models,
except in Canadian data for the longer horizons. This pattern reflects this
model’s larger parameterization. The likelihood of survey data plays a more
important role as the number of parameters increases, in effect mitigating the
loss in parsimony. To summarize, estimates that neglect survey data suffer
from substantial bias and small-sample sampling errors. Adding surveys to
the likelihood effectively lengthens the sample (Kim, 2007; Kim and
Orphanides, 2012). Ang, Bekaert, and Wei (2007) find that survey forecasts
are more accurate than model-based forecasts, but they do not use survey
data at estimation.'®

4.3.c. Using the Markovian restriction

The Markovian restriction makes inflation forecasts less accurate. Figure 3B
reports the ratio of forecast RMSEs from CM models relative to that from

8 Tt is essential to include yield factors in state X, to match the accuracy of survey infla-
tion forecasts. Results are available from the authors.
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Figure 3. Out-of-sample inflation forecast. Ratios of forecast RMSEs. (A) Reports the
RMSE:s for a given model estimated with survey data relative to the same model estimated
without survey data (Case A versus Case C). Results are reported for the CM and the VAR
models, both for USA and Canadian data. (B) Reports the RMSEs for the CM model
relative to the corresponding VAR model using all data. Results are reported cases with and
without survey data (Case A and Case C), for US data and Canadian data, respectively.
Monthly data. Estimation sample: 1985-92. Out-of-sample: 1992-2012.

VAR models. Figure 3B reports results for the USA and Canada, using all
the available data or excluding the survey data (Cases A and B). For the
USA, the CM model yields accuracy improvements of 5% at the I-year
horizon and nearly 10% at the 2-year horizon (significant at the 1%
level), but the CM model yields no improvement in Case B. In Canada,
the improvements are remarkable. The CM model produces accuracy
gains in the 20-25% range at the 1-year and 2-year horizons.

How can every model perform similarly when compared to survey fore-
casts (Table V), while the CM model outperforms when compared to the
VAR? First, survey forecasts are available only quarterly in Canada, and the
comparison with model forecasts can be done only quarterly. However, the
comparison between models is done with monthly data. We find that
forecast errors from the VAR models are also more serially correlated:
this model performs relatively poorly in months when survey forecasts are
not available. But survey forecasts are available monthly in the USA. The
forecasting horizons also drive the contrasting results. The comparison with
survey forecasts involves forecasts for inflation in specific quarters. On
the other hand, the comparison between models involves forecasts of total
inflation between now and some future horizon A-months ahead. These
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horizons are relevant, since they are used in the yield decomposition below.
The RMSEs between these two horizons can only differ because of the co-
variance between the forecast errors across quarters. Indeed, we find that
forecast errors from the VAR models are more correlated across horizons
(unreported).

44 WHY CONDITIONAL MEAN MODELS FOR INFLATION FORECASTS?

How does a conditional mean model offer more accurate forecasts? To
answer this question, consider the VAR model,

VAR : Ex,i = Kox + (Kix + Iy )X,
= Koy + (Kix + Iy ,)Ex, i1 + (Kix + Iy (X — Ex,i—1)
= Kox + (Kix + Iy, )Ex, -1 + (Kix + Iy ux, s,
(43)

with uy , = (X, — €x,,—1), and contrast with the CM model,

CM : Ex.i = Kox + (Kix + Iy )Ex. -1 + Ze, €
= Kox + (Kix + Iy )Ex. -1+ ey, S (X — Ex.im1) - (44)
= Koy + (Kix + Iy ,)Ex -1 + e Sy v s

where the weights (Kjy + Iy,) on the prior expectations £y ;1 can differ
from the weights 25X2}1 on the innovations wuy ,. Tables VI-VII report
parameter estimates for the USA and for Canada, respectively. In each
case, Panel A reports estimates of the matrices Ky + Iy, and EgXE;(l.
Panel B reports estimates of the standard deviations (on the diagonals)
and the correlations (off the diagonals) implied from the estimate of the
covariance matrix XyXy and Xg, Xp .

Focusing on the first line of (Kijx+1y,) and EgXE;(], the
estimated dynamics of inflation expectations &, , = E;[m,41] illustrate the
difference:

Ent =098 xEx 1_1 — 0.01 X1ty — 0.04 xEq 1 + 0.51 xu,,
(0.03) (0.001) (0.02) (0.06)

45
+0.008 x&; ;-1 +0.01 xuy , —0.02 xE& ;-1 + 0.02 xuy 4, (45)
(0.003) (0.01) (0.02) (0.04)
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and, again, we have very similar results in the case of Canada:
Ext=1.03%xE -1 —0.005 X1y, —0.07 xE ;1 4+ 0.35 Xy,
(0.15) (0.002) (0.06) (0.07) (46)
+0.003 x&; ;-1 —0.03 xu;;, —0.04 x&; ,—1 + 0.26 xu; ,,
(0.003) (0.01) (0.04) (0.06)
with standard errors provided in parentheses.”

First, expected inflation is very persistent in both countries: inflation in-
novations are transitory and have close to no effect on the expectation
update. Also, note from Tables VI and VII that inflation innovations have
no significant effect on &, and &; ;, while their effect on &, ; is small (see the
first column of Z¢, X3!). Hence, the intuition from Kim (2007) that inflation
combines a persistent conditional mean component with transitory noise
(i.e., an ARMAC(1,1) process) carries over in our multivariate context. The
VAR cannot distinguish between these two components.

Second, updates of expected inflation are driven by innovations in the
other variables since the coefficient on inflation innovation is almost zero
(albeit significant in Canada). The CM model uses the span of uy , to
capture predictable variations in expected inflation. Multiplying coefficients
by the corresponding standard deviation shows that unemployment innov-
ations are the most significant economically (standard deviation of 0.26).
Slope innovations also play an important role in Canada (standard deviation
of 0.45). In contrast, unemployment and slope innovations are only weakly
connected to expected inflation updates in the VAR model (unreported).

Third, the estimated weights on the prior expectations differ from the
estimated weights on the innovations in every case, and with opposite
signs in every case. Expected inflation increases with a higher expected
level of the yield curve, but shows no response to surprise changes in the
level. Expected inflation increases with an expected rise in the slope, but
decreases with a surprise tightening of the short rate. An increase of s, lifts
short-maturity yields relative to longer maturities, and corresponds to a
tighter stance of monetary policy. Expected inflation also decreases with a
higher expected unemployment rate but increases with a surprise increase in
the unemployment rate. The VAR must assign the same weight and sign to
the innovation and the expectation terms.

Inspecting the estimate for ¥g, X reveals the correlation between the
updates of different conditional means. In the USA, the update of expected
inflation is positively correlated with an update in expected unemployment
and with an update in the slope factor. It is also negatively correlated with an
expected increase in the level of yields. This effect is not statistically

19 The autoregressive matrix Kjy + Iys, has no unit root in both cases.
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Table VI. Parameter estimates—US data

Parameter estimates for the no-arbitrage CM—DTSM model. Panel A reports parameters for
the historical dynamics, Kiy 4 Iy, and X¢, 2}', respectively. Panel B reports the correlation of
innovations to X, and innovations to £y, , implicit in the matrices £y X'y and X¢, X} , respect-
ively. Diagonal elements correspond to the standard deviations in annualized basis points.
Panel C reports parameters for the risk-neutral dynamics, K1QX + I,. Asymptotic standard
errors are in parentheses when applicable. Monthly data, December 1985 to December 2012.

Panel A: historical dynamics

0.98 —0.04 0.01 —0.02 —0.01 0.51 0.01 0.02
0.03) (0.02) (0.003) (0.02) 0.001) (0.06) (0.01) (0.04)
0.20 0.84 —0.01 —-0.06 —0.02 0.95 —0.10 —-0.31
Kivt Ty — (0.10)  0.05)  (0.01) (0.3) 5. 5=l — (0.004) (0.05) (0.01) (0.04)
TN T 149 064 1.08 0.7 =X T 0.001 —0.19 1.01  —0.08
(0.36) (0.16)  (0.4) (0.09) (0.002) (0.06) (0.4) (0.03)
—0.01 —0.003  0.02 0.97 0.0003 —0.01 0.02 0.98
0.09)  (0.04)  (0.01) (0.02) (0.001) (0.02) (0.004) (0.01)
Panel B: standard deviations and correlations
3.23 0.01 0.14 —0.15 0.13 0.87 —0.16 0.25
0.07) (0.07) (0.10) (0.07) 0.02) (0.04) (0.18) (0.16)
026 —0.13 0.21 0.28 —0.43 0.13
, (0.01) (0.07) (0.07) , (0.02) (0.07) (0.08)
¥y = 1.63 —0.70 25*'25*_) 1.68 —0.69
(0.05) (0.02) (0.06) (0.02)
0.45 0.42
0.01) (0.02)
Panel C: risk-neutral dynamics
0.83 0.05 0.02 0.003
(0.02) (0.01) (0.002) (0.01)
—0.09 1.02 0.01 0.01
| 004 (©.01) (0.004) (0.01)
Kie+ 0 =1 001 00001 100 —0.07
0.03) (0.01) (0.003) (0.003)
-0.22  0.05 0.03 0.98
(0.04) (0.02) (0.004) (0.01)

significant. Therefore, a standard expectation update sees higher expected
inflation, a flatter expected curve (the slope factor pushes short-maturity
yields up), and higher expected unemployment. In contrast, inflation innov-
ations are uncorrelated with unexpected unemployment changes.

In Canada, a standard expectation update also sees higher expected
inflation, a flatter expected curve, and higher expected unemployment.
However, the correlation with the expected level of yield is stronger in
Canada. In addition, inflation innovations exhibit a low correlation with
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Table VII. Parameter estimates—Canadian data

Parameter estimates for the no-arbitrage CM—DTSM model. Panel A reports parameters
for the historical dynamics, Kix + Iy, and Xg, E}l, respectively. Panel B reports the cor-
relation of innovations to X, and innovations to £y , implicit in the matrices X y¥ and
e, X, respectively. Diagonal elements correspond to the standard deviations in
annualized basis points. Panel C reports parameters for the risk-neutral dynamics,
K]QX—I—INZ. Asymptotic standard errors are in parentheses when applicable. Macro and

yield data 01/1992 to 12/2012. Survey data Q1-1992/Q4-2012.

1.03
(0.15)
0.36
(0.25)
~1.28
(1.16)
—0.30
(0.21)

Kix+ 1y, =

2/\/2’)( d

0.78
(0.14)

0.24
(0.40)
—0.60
(0.30)
—0.68
(0.39)

KIQX+I«‘VZ =

Panel A: historical dynamics

—0.07 0.003 —0.04
(0.06) (0.003) (0.04)
0.82  0.003 —0.10

(0.11)  (0.005) (0.07)
0.68 0969  0.36

EXXE;(I =

(0.51)  (0.026) (0.31)
0.02  0.000 0.99
(0.10)  (0.005) (0.06)

—0.005
(0.002)
—0.011
(0.002)
0.000
(0.002)
0.002
(0.001)

Panel B: standard deviations and correlations

401 0.02 0.8
(0.16) (0.08) (0.08)
0.18 —0.07

0.01) (0.07)

1.09
(0.05)

0.01
(0.08)
0.04
(0.07)
—0.04
(0.06)
0.44
(0.02)

/
Z&'ESX —

Panel C: risk-neutral dynamics

0.08 —0.001 0.03
(0.06) (0.002) (0.04)
0.89 —0.001 —0.10
0.17)  (0.004) (0.11)
021 099  0.02
0.13)  (0.01)  (0.08)
026 —0.003 1.12
0.17)  (0.007) (0.10)

0.14
(0.03)

0.35
(0.07)
0.73
(0.06)
—0.01
(0.08)
—0.10
(0.03)

0.47
(0.10)
0.15
(0.01)

—0.03
(0.01)
—0.04
(0.01)
0.99
(0.02)
0.01
(0.01)

—0.31
(0.10)
—0.34
(0.08)
1.08
(0.12)

0.26
(0.06)
—0.04
(0.03)
~0.05
(0.09)

0.90
(0.03)

0.80
(0.06)
—0.14
(0.11)
~0.03
(0.07)
0.39
(0.03)

other innovations: monthly inflation appears largely unpredictable in

Canada. Again, the VAR cannot capture these separate effects.

4.5 NOMINAL YIELD DECOMPOSITIONS

4.5.a. Fisher’s decomposition

Real yields are identified within the model if the expected inflation and the
inflation-risk premium can be derived from the model. Hence, if the inflation
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rate is included in the P-dynamics, and if the inflation-risk premium is
identified, it follows that real yields are identified. The only additional as-
sumption is the absence of an arbitrage opportunity in the real bond market.
The real short rate r, follows from the link between the nominal and the real
stochastic discount factors, SDF,;; and SDF’,,, respectively. This link,

SDF,,| = e &4 = e”™+'SDF,, |, implies that o
r = —log(E[SDF,, 1) = i, — E2[m141] — %a;, (47)
1= Phy + O xEx. (43)
and it follows that real yields are given by
W =y + b ,Exin (49)

with the coefficients pj, and p}, and the loadings a,, and b, , given in
Appendix Al. For longer-maturity yields, we have the following generalized
Fisher decomposition:

i = & D 80, i, (50)

where rE") is the n-period real yield, irp&") is the inflation-risk premium, ng)t is
the inflation expectation, and ¢ is a Jensen term (see Appendix AS5).

4.5.b. Inflation swaps, risk premium, and Sharpe ratio

Real yields may be imprecisely estimated even if formally identified, and
using inflation swap rates helps pin down the decomposition in the USA.
However, the additional data are not reliably available in most countries
(Canada is a typical case). To improve estimates of the real yield in these
cases, we constrain the inflation Sharpe ratio within a plausible area of the
parameter space (see Section 3.2.6).

We ask if the inflation-risk premium estimates are similar whether we use
inflation swaps at estimation or exclude them. To check this, we reestimate the
CM model with US data, excluding the inflation swaps from the joint likeli-
hood (Case B), but using the same constraint on the conditional Sharpe ratio
as in the case of Canada. We focus on the subsample where US markets were
relatively unaffected by liquidity shocks and policy intervention. The financial
crisis and the rounds of quantitative easing introduce a wedge between the risk
premium implicit in Treasury yields and the risk premium implicit in the
inflation swaps (Krishnamurthy and Vissing-Jorgensen, 2011; Fleckenstein,
Longstaff, and Lustig, 2013). Estimates based on post-2007 will reflect that
wedge. Therefore, we proceed with data between 1985 and 2007.
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Figure 4. Inflation swap rates. Observed and model-implied inflation swap rates between
2005 and 2013. The model-implied values are computed from the benchmark CM model
estimated using data until the end of 2007, excluding inflation swap data altogether (Case
B), and bounding the distribution of the conditional inflation Sharpe ratio.

Figure 4 compares the model-implied and observed inflation swap rates
for 2-, 5-, and 10-year maturities, and extends the estimation sample until
2012. The swap rates predicted from the model are close to the observed
rates. In fact, excluding the swap data seems to help in the crisis. The model-
implied rates do not plunge like observed rates do (as low as —2% in the case
of the 2-year swap). This must be assessed as a benefit of using the Sharpe
ratio constraint. The model-implied and observed rates then remain close to
each other until the end of 2010, which coincides with the second round of
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Figure 5. Inflation-risk premiums and the Sharpe ratio constraint. The 2-year and S5-year
inflation-risk premium in Canada from the CM model where the Sharpe ratio is uncon-
strained (A) and where it is constrained with « = 0.2 (B).

quantitative easing. At this point, the model-implied rates follow nominal
yields, slowly drifting downward, while inflation swap rates remain high.
The wedge between the model and the swap markets is similar across
maturities (note the different scales). Including the swap data is beneficial
in this case. Overall, the results suggest that bounding the inflation Sharpe
ratio is a close substitute to using the inflation swap data.

Figure 5 illustrates the impact of the Sharpe ratio constraint on the yield
decomposition in Canada. Figure SA shows the 2- and 5-year inflation-risk
premium obtained when the Sharpe ratio is unconstrained. Figure 5B shows
the results with the constraint set to k¥ = 0.2.° The excess variability of the in-
flation-risk premium stands out in the unconstrained case: the 2-year infla-
tion-risk premium varies between —20% and 5%, and the 5-year inflation-risk
premium varies between —5% and 15%! These large values imply implausibly
large variations in the real yields. In contrast, the constrained model produces
estimates of the inflation-risk premium that are economically plausible and
close to the US estimates, ranging between 0% and 2%.

20 We assess the variability of several other model properties as we vary k. The short-rate
loadings, yield loadings, measurement errors, and forecasting performance remain essen-
tially unchanged for values of k around 0.2. However, the likelihood increases monotonic-
ally as we increase k to implausible values, and with very little improvement in pricing
errors—a telling tale of overfitting. The risk premium variability also increases monoton-
ically. Results are available from the authors.
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4.5.c. Fisher’s decomposition in CM and VAR models

This section assesses how the decomposition of US nominal yields changes
as the information set used for estimation changes. We report results for the
2-year yield from the CM and the VAR models across Cases A and B. The
yield decompositions are very similar across estimates of the CM model, but
the estimates vary across VAR models.

The left column of Figure 6 reports results for the CM model. The path
of 2-year expected inflation is very similar across cases. The estimated
inflation-risk premium becomes more volatile when we add inflation swap
data. This reflects the fact that we do not enforce the constraint on the
Sharpe ratio in this case. Also, the inflation-risk premium rises in 2011
and 2013. As noted in Section 4.5.2, unconventional policies introduce a
wedge between nominal yields and inflation swaps. Otherwise, the results
are remarkably similar.

The right column of Figure 6 reports results for the VAR model. The
message could not be more different. The estimates of the inflation-risk
premium become erratic when we exclude the inflation swap. Even when
we include all the data, in Case A, the estimates of the inflation-risk premium
differ from the CM model, reflecting the poor fit of the swap data docu-
mented in Table IIIA. Results from the VAR are not reliable.

4.5.d. Nominal yield decomposition in the USA and Canada

Figure 7 compares the decompositions from our benchmark model in the
USA and in Canada.?' It displays the 2-year nominal yield, expected infla-
tion, and inflation-risk premium. Figure 7A reports the decomposition in
the USA, reproducing the results from Figure 6A. Figure 7B reports the
decomposition the Canada. For the reasons discussed in Section 4.5.2, we
use parameters estimated with data until 2007 for the USA.

Looking beyond the cyclical variations, we see that the inflation-risk
premium in both countries had been drifting down until 2008, from
around 1% to around 0% in the USA and from 2% to 0% in Canada.
The inflation-risk premium is procyclical in the USA, rising when nominal

2l These are the first real yield estimates for Canada. Ragan (1995) is an early attempt to
measure expected inflation from nominal yields in Canada. Day and Lange (1997) provide
time-series evidence that the term spread has predictive content for inflation rates in
Canada. Fung, Mittnick, and Remolona (1999) study a joint model for the USA and
Canadian term structures. They do not use survey data to identify inflation expectations.
Garcia and Luger (2007) estimate an equilibrium-based model for yields in Canadian data
where conditional expectations play a central role.

¥T02 ‘2T 800100 U0 8URIUOH UBISeqOY'S-Uesr Aq /610'sjeuunolpio)xo*jou//:dny wouy pepeojumoq


3
4
 Panel
http://rof.oxfordjournals.org/

NON-MARKOV TERM STRUCTURE MODELS 1989

10 10
+  Expected inflation +  Expected inflation
8 * Inflation risk premium B 8f * Inflation risk premium
Nominal yield Nominal yield

-2 oy X 4 =2

92 93 94 95 96 97 98 99 00 01 02 03 04 05 06 07 08 09 10 11 12 13 92 93 94 95 96 97 98 99 00 01 02 03 04 05 06 07 08 09 10 11 12 13

CM (Case A) V AR (Case A)
10 10
+  Expected inflation +  Expected inflation
8 *  Inflation risk premium g 8t *  Inflation risk premium
Nominal yield Nominal yield
6 6
4 4
2 M 2
DMWMMW 1 o
X
%ﬁ
-2 * -2F
P S S S S S S S S S S S S S S [ S S S S S S S S A SO SO SO S S AN
92 93 94 95 96 97 98 99 00 01 02 03 04 05 06 07 08 09 10 11 12 13 92 93 94 95 96 97 98 99 00 01 02 03 04 05 06 07 08 09 10 11 12 13

CM (Case B) V AR (Case B)

Figure 6. Nominal yield decomposition. Decomposition of the 2-year nominal yields
between January 1992 and December 2012 in the USA from different estimates of the
CM model (left column) and the VAR model (right column). (A) and (B) report results
for Case A estimated using yield, inflation swap, and survey inflation forecast data. (D) and
(C) report results for Case B, estimated excluding the swap data.

yields rise, and dampening the transmission of interest rate shocks to the real
curve. Real yields are less cyclical than nominal yields in the USA. This is
consistent with results in, for example, Chernov and Mueller (2011).%* In
contrast, the inflation-risk premium is countercyclical in Canada, amplifying
the transmission of interest rate shocks to the real curve. Real yields are
more cyclical than nominal yields in Canada. This stark difference between
the two countries may arise because of the different mandates given to their
respective central banks. The Bank of Canada has had an explicit inflation

22 See the results for “A05” models in their Figure 4.
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Figure. 7. Nominal yield decomposition. Decomposition of the 2-year nominal yields
between January 1992 and December 2012 in the USA (A) and in Canada (B). Results
from the CM model estimated with yields, inflation swaps, and inflation survey forecasts
(Case A).

target since the beginning of our sample, but the Fed has had a dual
mandate, weighting employment and inflation targets. We leave the causal
mechanism underlying this difference to future research, but the re-
sults suggest that monetary policy achieves a greater bang for the buck in
Canada.

This difference implies a very different response of the inflation-risk
premium to the large declines of long-term yields in both countries since
2009. In the USA, the model-implied premium followed the decline in yields
during the crisis and has remained between —1.5% and —2.0% since then.
Exposures to inflation risk are perceived as hedges by US bond investors. In
contrast, the inflation-risk premium increased to 1% between 2009 and 2010
in Canada and has remained elevated since. Exposures to inflation shocks
are perceived as risky by Canadian bond investors. Again, the difference
may be linked to the difference between the Fed’s and the Bank of
Canada’s mandate. The Fed may be perceived to accommodate inflation
shocks to fulfill its dual mandate, as least in the early stage of an expansion,
while the Bank of Canada may be perceived to effectively counter inflation
shocks. This interpretation is consistent with the lower volatility of expected
inflation between the USA and Canada in Figure 2. David and Veronesi
(2013) provide empirical evidence that inflation shocks can be good news
and bad news in the context of a general equilibrium. This effect may also
arise with Epstein—Zin preferences: inflation may signal higher consumption
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Table VIII. Model-implied summary statistics

Sample summary statistics in Canadian data for the nominal yield yE”), the real yield rS"), the

expected inflation 55;?,, and the inflation-risk premium, irp, ,, at different maturities », in
months, computed from the model. The Sharpe ratio constraint is set to x = 0.2.

Panel A: 3 months Panel B: 6 months
ygn) rgn) 5% il’pin) yin) rﬁn) ggi){ irpin)
Mean 4.89 3.16 1.92 —0.20  Mean 4.98 3.19 1.93 —0.14
Std. Dev.  3.32 3.43 0.37 0.70  Std. Dev. 3.22 3.35 0.33 0.73
p(1) 0.99 0.99 0.95 098  p(1) 0.99 0.99 0.95 0.98
p(12) 0.81 0.79 0.58 0.65  p(12) 0.82 0.79 0.62 0.66
Panel C: 1 year Panel D: 2 years
W ) W )
Mean 5.13 3.22 1.93 —0.02 Mean 5.36 3.22 1.92 0.22
Std. Dev.  3.06 3.23 0.29 0.78  Std. Dev. 2.87 3.10 0.24 0.84
p(1) 0.99 0.98 0.97 098  p(1) 0.98 0.98 0.98 0.97
p(12) 0.83 0.78 0.71 0.65  p(12) 0.84 0.77 0.82 0.62
Panel E: 5 years Panel F: 10 years
el T
Mean 5.77 3.01 1.88 0.81 Mean 6.20 2.53 1.85 1.54
Std. Dev.  2.63 291 0.17 0.87  Std. Dev. 2.47 2.75 0.12 0.82
p(1) 0.98 0.98 0.99 0.96  p(1) 0.99 0.98 0.99 0.96
p(12) 0.85 0.76 0.89 0.56  p(12) 0.86 0.77 0.89 0.53

growth, leading to upward revisions for utility value (through the continu-
ation value).

Table VIII reports sample summary statistics for each component of
nominal yield in Canada, and for maturities of 3 and 6 months, as well as
1, 2, 5, and 10 years. We focus on the case of Canada since summary stat-
istics for the US nominal yields have been documented elsewhere. The
average nominal yield curve is upward sloping—the slope between
3-month and 10-year yields averages close to 1.3% in our sample—but the
curve exhibits significant variability throughout the cycle: the average vola-
tility ranges from 3.28% to 2.44%. Real yields are downward sloping—the
average slope is —0.7%—suggesting that investors perceive real bonds as
hedges in Canada. The average expected inflation is flat, above 2%.
Therefore, the average positive slope of nominal yields is due to the
slope of the inflation-risk premium. The inflation-risk premium average
ranges from almost zero at the shortest maturity to 1.6% at the 10-year
maturity.
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5. Conclusion

We introduce the class of CM-MTSMs where the conditional mean &, drives
the term structure of yields yE") = a, + b,&; as well as the dynamics of the
state variables. The essence of our approach is the departure from the
Markov assumption: &, depend on the entire history of Z;. This extension
is parsimonious and gives fundamentally different roles to Z,, which
captures the current state, and to &;, which summarizes yields as well as
the conditional mean of Z,,;. Including inflation within a CM-MTSM as
a showcase, the results illustrate the distinctive properties of CM-MTSMs:
(1) yields span expected inflation as measured by survey forecasts, and (ii)
expected changes and surprises in unemployment and in the level or the slope
have opposite effects on inflation expectations. A simpler Markovian
VAR(1) model does not capture these features. In addition, our approach
reconciles models using survey forecasts as state variables with models using
the underlying macro variables as state variables. Importantly, including
survey data overcomes the effect of sampling variability on the estimates
of persistence parameters, and including inflation swap data helps us ob-
tain plausible estimates of the inflation-risk premium, but estimates of
the CM remain robust when the additional data are not available for
estimation.

The dynamics in CM-MTSMs are consistent with several general equilib-
rium specifications where the observable macro variables are not Markovian
(e.g., Bansal and Yaron, 2004; Bansal and Shaliastovich, 2013). Our results
suggest that (non-Markovian) long-run risk models with a structural pricing
kernel calibrated to reasonable Sharpe ratio may fit term structure data
(e.g., Bansal and Shaliastovich, 2013). In that context, our results raise the
question as to why inflation shocks may be perceived as a hedge in the USA
since 2009, but perceived as a risk in Canada. We also leave important
extensions for future research. First, we focus on relatively short horizons,
of less than 10 years. Kozicki and Tinsley (2001, 2006) highlight the role
of shifting endpoints in the evolution of long-horizon inflation rates in US
data. In Canada, Amano and Murchison (2006) show the importance of a
shifting endpoint for inflation in the early 1990s during the transition toward
a 2% inflation-targeting regime. Second, we focus on inflation forecasts,
but forecasts of future inflation rates are not independent of forecasts
of other macro forecasts. Extending our approach to include additional
variables, such as unemployment, could help identify the dynamic relation-
ships between economic activity, inflation, and risk as perceived by
bond investors. The framework proposed here can be extended in these
directions.
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Appendix A
A1l YIELD COEFFICIENT RECURSIONS
The price of a nominal zero-coupon bond with maturity n is given by
D(1,n) = exp(A4, + B,E,) with coefficients given by

Buwi = (I, + KP By — i

/ 1
Apsr = Ay + K5 By +5 B, 5 5B, — po. (A.1)

for n> 0 and with initial conditions 49 = 0 and By = 0. The nominal yield
coefficients are given by a, = —A4,/n and b, = —B,/n. From Equations (24)
and (47), it follows that the real rate coefficients in Equation (48) are given by

r 1 _
Pox = Pox — 50721 — 2T, (K((?X - Kgx)

Ply = Plx — €1 — [EXZEAI, (K(IQX — K[F)()]/el- (A.2)

A2 RISK PREMIUM

From Equations (8), (13), and (12), it follows that
59 = E(;@[Zﬂrl]
=&+ EE;Q[EE)H]
=&+ I5; EPAE 1 — Ky — K €]
=&+ 22;‘(14)@ + K2, - K} — KT&)

=&+ 237! (K - K§) + =37 (K7 - KT

(A.3)

A3 PROPOSITION 2

The Nz x 1 vector of observable X, defined in Equations (19)—(20) has the
same dynamics as the process for Z,. We define D:

D =D + Dy(K} + Iy.), (A4)

and we require that D be invertible. Using the mapping between X; and Z,
given in Equation (19), the parameters for the dynamics of X, are given by

Kiyx = DK; — DK{ D™ (C + DaK§)
K., =DKiD™". (A.5)
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K, = DKS - KD (C + Dok

K% = DKYD™". (A.6)
Se, = D¢
YSy=D1X+ DrX¢. (A.7)

A4 THEOREM 1

The canonical form for Z; in Proposition 1 is exactly identified. We verify
that the parameterization for X, in Theorem 1 is also identified. First, we
redefine D in Equation (A.4) to substitute out the matrix K}, which belongs
to the dynamics of Z,. Given D =D+ Dy(K{+1y,) and using
K®, = DKYD™! from Proposition 2, it follows that

D =D+ Dy(K} + Iy,)
= Dy + D>+ DD7'KT D,
where D, and D, are defined in Equation (20). Rearranging:
Iy= (D1 +Dy))D™' + D,D7 'Ky

(A.8)

vec(Iy) = vec((Dy + D2)D™') + vec(D,D 'K y)

vee(Iy) = (Iy ® (D + Da))vec(D™") + (Kff’;( ® Dz)vec(D_l), (A.9)
and, therefore, D is defined implicitly by
(1v® Dy + (Iy + Kiy) @ Ds )vee(D™") = veo(ly).
We require that
(v @ D1 + (I, + Kix) @ D2) (A.10)

be invertible so that D! is well-defined. Second, we explicitly provide the
mappings between the parameters of Z, and the parameters of X,. The
mapping between the P parameters is given by

Ky =(D - K?XD2)71(KI(§X4' KIFXC)

K. =D7'KT.D
: IX (A.11)
Ye=D'%¢,

D\ =3%y— DD 'S,
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and the mapping for the Q parameters is given by

Kgy = DK§ — DJ(A2)(Dy + D2)™' (C+ DD 'Kyy)

KY = DJ(A9) D" (A.12)
See Proposition 1. Importantly, both sides of the last equation in (A.11) have
the same rank as D;, which cannot be inverted since its lower block is zero.
In other words, we cannot identify ¥y and X, separately whenever yield

portfolios are included among the observable variables. To complete the
parameterization in the theorem, rewrite

012=[%*], (A.13)

defining ¥* implicitly. Then, Xy is given by the last equation in (A.11) in
terms of the other parameters,

Sy = DD 5, + [% ] (A.14)

Turning to the short rate, from Equations (19) to (20) and Proposition 1, it
follows that the coefficients in Equation (21) are given by

pox = —1(C+ Dng)
oy =1D"". (A.15)

The dynamics of X, in Equations (22)—(23) follow from Proposition 2.
Finally, the spread between 5%, and 5]};’[ in Equation (24) follows from
Proposition 2 and Equation (17).

A5 GENERALIZED FISHER DECOMPOSITION

The generalized Fisher decomposition can be applied to any nominal yield
with maturity n,

{7 = + " + 70 +irp!”, (A.16)
where "
premium,

is the real yield, and irp!” is the n-period-ahead inflation-risk

) . 1 n n
irp{"” = . (ErQ [Z 7Tt+j:| —E |:Z 7Tt+j}>,
= =
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where £ ™ is the n-period-ahead inflation expectation,

n
Z Tt
7, _ | /=]
Ez = Er |
n
and where ¢ is a Jensen term,

n—1

1 2 1 2
" = 50” + 7 Z.:] (b:,’ngX E%Xbr,j - b]/.ZgX Eéxbj)'
J=

A6 COMBINING INFLATION AND SURVEY INFLATION FORECASTS

Rearrange the vector M, of macroeconomic variables as M, =[O, S]
where O, stacks the macro data (i.e., the inflation rate) and S, stacks the
corresponding survey data (i.e., the inflation survey). As before, the observed
variables are linked to the latent factors as in Equation (18),

O, = yo + Yo 2

S = s + Végt, (A.17)
but changing the notation slightly. We derive parametric restrictions such
that we have

S = EIZP[OHI] + s, (A.18)
where 7, is a measurement error: E[n,] =0 and cov(n, n,..s) =0 Vi > 0.
This implies restriction on the P-dynamics of X,. Define Y, =[X] 5/)(, J
with dynamics given by
Yii=ny+oyY +ev,, (A.19)
and parameters given by

0 0 1 0o I
“}’:[K“JX] ¢Y:[0 <1+K?X>]:[0 ¢x]' (8.20)

Define ¢, and ¢s such that e,X, =0, and €&, =S,. Then,
N =esX, —epx, = pP'Y, with g’ =[es —e,] and, therefore, cov(n:, n/41)
is given by

coV(B' Yy, B Yipn) = Beov(Yy, Yiun)B = B2v(9))" B

. . (A21)
— BQ Vh > 1,
P Y[(dx)”—l <¢'X>’7—‘}ﬁ -
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where we define the following implicitly:

var(X,) cov(Xy, Ex, 1) Qy Qyxe
Qy = ’ = . A.22
’ [cov(sx,t, X)) varx.) Qr (A.22)
Hence,
oV, nen) = (€5Qxe — epQe) (@) '8, (A.23)

where we define
6= es — qS’Xe@. (A24)

Clearly, 6 = 0 = cov(n;, n;.;) =0 Vh > 0, which is the condition that we
discuss in the main text. Developing Equation (A.23), we can derive
additional sufficient conditions. Tedious algebra yields

cov(ni, nisn) = (8Qx¢y + €pbx Ry — (8 + Oyeo) Q) (¢y)' '8, (A.25)

where 0y = ¢y — Z¢, E}l. See also Section 2.6.5. Turning to the condition
on the mean:

Eln]=0

EB Y] =By + ¢ ELY)]) = =Koy + 8 E[ Y] = 0. (A.26)

Then, neglecting conditions involving restrictions on the covariance matrix,
the following condition implies that n, is a measurement error:

§=0 and e,Kpyy =0. (A.27)

These restrictions deliver a process where the consistency condition between
expectation and survey data holds, but the canonical form in Theorem 1
must be adapted (available from the authors). If, in addition, yp0 = ys and
Yo = ¥s, then the canonical form in Theorem 1 follows through but using
the relabeled coefficients yy0 and y» instead of vy and y;. We modify
Equation (18) as follows:

M=y +nZ+ &, (A.28)

with loadings given by

_ |7 _ | _10
yo—[yf)i] V1—|:69:| V2—|:VS]. (A.29)
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Then, these additional restrictions on the matrix C, D;, and D- are given by
enC = €5C = yq
enD1 =esDy =y,
esDy = enDy = 0.
This implies that
Koy =0 eI+ Kjy) =¢s ey =0, (A.30)

and, in addition, that var(n,) = 0 (no measurement error). First consider
epKyy = 0. From Equation (A.5),

eoKoy = epDKy — epKiy(C + D2Kg) v, Ky — (es — eo) (C+ D2Kp)
= y;TKg —(es — eo)’C + (63 — 60)/D2K}(I;)/J/TK]§ -0+ )/;TKE) =0,
(A.31)
where we used Kiy=¢} —¢,. Note that e D =ep(Di+ Dr(Ki+
Iy,)) = y,. Then,
oKy = pDKD™! =y, KyD™! = &sDr KD
=dg(D— Dy — D)D" =es(Iy, — D1D~' — D,D7) (A.32)
=ds—0—esDyD ' =es— Y. D7 = ey — e,
Finally,

S, = BZSX, = 62952(,; = e’ol—i- KIIPX + 609)(((:)(, —1
== CZSX, + 600/’\{‘5/’\5" —1 (A33)
S =8 +eobxEx, i1,

which can be true only if epfy = 0. This in turn implies that e,,X¢, = esXy
and therefore that e;¥* = 0.
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