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Abstract. We introduce a new framework that facilitates term structure modeling with
both positive interestQ:5 rates and flexible time series dynamics but that is also tractable,
meaning amenable to quick and robust estimation. Using both simulations and U.S. histori-
cal data, we compare our approach with benchmark Gaussian and stochastic volatility
models as well as a shadow rate model that enforces positive interest rates. Our approach,
which remains arbitrarily close to arbitrage free, offers a more accurate characterization of
bond Sharpe ratios because of a better fit of the volatility dynamics and a more efficient es-
timation of the return dynamics. Further, the shadow rate and stochastic volatility models
exhibit important restrictions that are largely absent in our approach.
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remain at or below zero in the face of
persistent unconventional monetary policy in many
industrialized countries, the need for a tractable term
structure model—one that is amenable to quick and
robust estimation—that can accommodate the
near–lower-bound behavior of interest rates is stron-
ger than ever before. Despite its practical importance
even after years at the lower bound, characterizing
bond risks and returns remains vexing. Unfortunately,
existing bond pricing models that incorporate bound-
ed interest rates (starting with Black 1995) suffer from
intractable bond pricing, inflexible volatility dynam-
ics, or both. Our contribution is to offer a framework
to build potentially nonlinear models that are tracta-
ble yet arbitrarily close to arbitrage free.

Subjecting this framework to both realistic data simu-
lations and U.S. historical data, we find significant im-
provements relative to benchmark models along several
important dimensions. In a simulation environment, we
show that our approach offers more accurate character-
izations of bond Sharpe ratios. By combining informa-
tion on risks and returns, Sharpe ratios are an important
statistic to differentiate models on economic grounds.
Second, in U.S. historical data, we find that our tractable
models offer yield and return forecasts with the same
or better accuracy than other benchmark models and
improve yield volatility forecasts. These results occur
both away from and near the lower bound, as well as in
both in-sample and out-of-sample settings.

The elaborate Q:11simulation
Q:12

and out-of-sample evi-
dence also provides valuable empirical insights that
are relevant for researchers, policy makers, and port-
folio managers alike. First, researchers have long
struggled to obtain an accurate decomposition of risk
premia in terms of prices and quantities of risk. It is
well known that, even in normal times, many existing
models face a tension in simultaneously capturing
both components accurately; this is only more compli-
cated during zero lower-bound (ZLB) episodes. In its
ability to capture volatility dynamics without
compromising the estimation of risk premia, our
framework offers a tractable avenue to overcoming
this tension. Second, policy makers are also interested
in the ability of a model to provide reliable forecasts
of these components over multiple horizons to better
inform, for example, monetary policy and systemic
risk analysis.

Finally, portfolio managers, particularly those with
a large fraction of their portfolios invested in U.S.
Treasuries, will find value in a model that is able to
provide reliable reward-to-risk metrics such as the
Sharpe ratio.1

To guarantee tractability in pricing, we directly
specify a recursive construction that connects bond
prices at successive maturities to a small set of state
variables, consistent with the pronounced evidence
that bond yields are driven by a small number of fac-
tors. The direct specification of bond prices that we
employ is reminiscent of the dynamic Nelson–Siegel

1

MANAGEMENT SCIENCE
Articles in Advance, pp. 000–000

ISSN 0025-1909 (print), ISSN 1526-5501 (online)http://pubsonline.informs.org/journal/mnsc

mailto:jsfontaine@bankofcanada.ca
mailto:js.leon.fontaine@gmail.com
mailto:anh.le.finance@gmail.com
mailto:christian_lundblad@unc.edu
https://orcid.org/0000-0003-1937-5462
https://doi.org/10.1287/mnsc.2021.4214
https://doi.org/10.1287/mnsc.2021.4214
https://orcid.org/0000-0003-1937-5462
http://pubsonline.informs.org/journal/mnsc


 

 
approach (henceforth, DNS) (see Diebold and Li
2006). Although the DNS is nested in our framework,
we allow for a high degree of flexibility in modeling
the time series dynamics of the pricing factors, includ-
ing stochastic volatility, along with nearly complete
freedom in modeling the short rate, including nonlin-
ear formulations that are consistent with a lower
bound.

Although the pricing functions are explicitly
specified, we recover prices that remain economi-
cally sensible. One reason put forth in Christensen
et al. (2011) as to why DNS models are popular is
that DNS bond prices appear to be almost arbitrage
free even if they are not exactly free of arbitrage in
a frictionless market (Bjork and Christensen 1999,
Filipovic 1999). We pursue this intuition formally
for our more general setting, showing that our
broad family of models delivers bond prices that
are free of dominant trading strategies in the sense
of Rothschild and Stiglitz (1970) and Levy (1992).
Intuitively speaking, the no-dominance (ND) prop-
erty rules out almost all arbitrage opportunities,
and we show that any remaining bond trading arbi-
trage opportunities cannot be self-financing and do
not survive in the presence of nonzero short-selling
costs. Overall, this analysis suggests that the practi-
cal relevance of DNS models generalizes to our
broader, more flexible framework.

Although our framework precludes dominant bond
trading strategies under far more general assump-
tions, we consider an example model that facilitates
comparison with existing models. Specifically, in the
spirit of Black (1995) and Wu and Xia (2016), we im-
pose a “hockey stick”-like lower bound on interest
rates. Second, we permit a multivariate conditional
volatility process similar in spirit to the multivariate
volatility models introduced by Noureldin et al.
(2011). We show how to undo the nonlinearity of this
example model, typically a major obstacle in estima-
tion, and to take advantage of recent advances (see Jo-
slin et al. 2011) such that estimation is highly conve-
nient, fast, and robust.

To benchmark performance, we include in our anal-
ysis three popular alternatives. First, we consider the
no-arbitrage (NA) affine Gaussian term structure
model that does not allow for a lower bound and fea-
tures constant yield volatility. Second, we consider the
no-arbitrage shadow rate model in Black (1995) and
Wu and Xia (2016) that enforces a lower bound but
also features essentially constant yield volatility away
from the lower bound.2 Third, we consider a standard
no-arbitrage affine stochastic volatility model (Dai
and Singleton 2000) that does not facilitate a lower
bound. Importantly, robust global estimates of all
three models can be obtained in a straightforward
manner.

To compare Sharpe ratio estimates across our model
and these benchmarks, we set up a simulation envi-
ronment where, in contrast to the case of historical
data, the true conditional Sharpe ratios are known. To
generate simulations, we use a data-generating pro-
cess that incorporates the salient features of the U.S.
bond market data—such as an upward sloping aver-
age yield curve, downward sloping average yield vol-
atility, predictable bond excess returns, and time-
varying volatility—that includes episodes at the lower
bound toward the end of each sample. The results
show that our approach offers a more accurate charac-
terization of bond Sharpe ratios than the benchmark
models.

One of the deeper insights from our results is that
the Sharpe ratio estimates are more accurate because
the flexible volatility dynamics in our framework
readily translate into more accurate return forecasts
(the numerator of the Sharpe ratio), which are because
of the econometric efficiency gained by the much-
improved volatility forecasts (the denominator of the
Sharpe ratio). Another reason why our framework de-
livers more accurate Sharpe ratios is that the standard
shadow rate model exhibits a pattern of biases in re-
turn and volatility forecasts that substantially aggra-
vates the accuracy of bond and portfolio Sharpe ratio
estimates. Put differently, we document that a full
no-arbitrage implementation of the shadow rate mod-
el introduces a tension between returns and volatility
forecasts. A related tension is well known for models
relying on square root processes (Dai and Singleton
2000, Joslin and Le 2021). Hence, one surprising find-
ing is that both stochastic volatility and Black shadow
rate models suffer from tensions because of the
no-arbitrage restrictions binding the bond return and
volatility dynamics, even if the exact nature of these
tensions differs across these two models.

Moving beyond the simulation setup, we fit the
same models to the U.S. historical data in both full
and out-of-sample contexts. Interestingly, we obtain
pricing errors and yield forecasts that are very similar,
in a statistical sense, across candidate models (both
near and away from the ZLB). In contrast to the simu-
lation exercise, estimates of conditional first moments
may not allow for a clean separation of models in
small samples, possibly because of the near-unit root
nature of bond yields. In sharp contrast, we do find
that our model offers a far better fit of yield volatil-
ities, both in and out of sample (and near and away
from the ZLB). Of course, including flexible volatility
dynamics contributes to the improvement. For exam-
ple, the benchmark no-arbitrage stochastic volatility
model that we consider offers, in some subsamples at
least, fairly competitive volatility forecasts. However,
as in our simulations, easing the tension between fit-
ting yields and volatilities also plays an important
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role. Despite some ability to forecast volatility, the
benchmark no-arbitrage stochastic volatility model
fails to capture bond empirical risk premia dynamics
on a real-time basis; our preferred model does not suf-
fer this limitation.

By way of comparison, it should also be noted that
Engle et al. (2017) design an important extension of
the dynamic Nelson–Siegel model tailored for long-
term scenario generation and forecasts. Their design
incorporates a lower bound, time-varying volatility,
and correlation, as well as regime changes that in-
crease persistence. Our goal is different. We provide a
broad framework for tractable models precluding
dominant bond trading strategies across a rich set of
dynamic specifications. Instead of long-horizon fore-
casts, our empirical application focuses on conditional
Sharpe ratio estimates.

Two other important papers combine time-varying
volatility with a lower bound in no-arbitrage models.
Monfort et al. (2017) allow for a combination of sto-
chastic volatility and the lower bound for interest
rates within the affine no-arbitrage framework. Fili-
povic et al. (2017) introduce the class of linear-rational
no-arbitrage models featuring several realistic fea-
tures. Each of these models requires a particular com-
bination of state dynamics and the pricing kernel to
deliver analytical bond prices. Importantly, they often
rely on filtering and estimation procedures, including
possibly using auxiliary financial market data, that
can be computationally challenging to implement in
practical day-to-day applications.

Finally, a substantial body of work uses
no-arbitrage shadow rate models to study bond yields
and bond risk premia.3 Without exception, this stream
of literature relies on constant variances and correla-
tions for the risk factors. However, studying the risk
premium and volatility jointly has become more im-
portant given how pervasive the lower bound has be-
come. As Bauer and Rudebusch (2016) note, the
boundary introduces an asymmetry in the relationship
between bond yields and bond risk factors, implying
that the bond volatility influences many important
model forecasts. Recognizing this issue, Cieslak and
Povala (2016) end their sample in 2010 before long-
term yields, burdened by the tightness of the bound-
ary, become less sensitive to news (Swanson and Wil-
liams 2014, Bauer and Rudebusch 2016). Similarly,
Creal and Wu (2015) introduce time-varying macro-
economic uncertainty but end their sample in mid-
2012. Both models do not prevent negative yields.

2. Tractable Dynamic Term
Structure Models

This section introduces a new family of dynamic term
structure models in which bond prices are specified

directly, guaranteeing that bond yields are available
in closed form with only minimal assumptions about
the risk factor dynamics. In particular, we specify the
relation between bond prices and the state vector,
along with the associated state dynamics, in a way
that bond yields are free of dominant trading strate-
gies (which we will explain). Our framework admits
as a special case the popular dynamic Nelson–Siegel
approach of Diebold and Li (2006). However, our
framework is significantly more general in its ability
to accommodate realistic features of the data. In our
empirical analysis, we employ a version of our pro-
posed modeling framework that allows for the pres-
ence of a lower bound on yields as well as flexible vol-
atility dynamics for yields.

2.1. A No-Dominance Model with a Lower Bound
Consider zero-coupon bonds with a face value of one
dollar. Assumption 1 is a direct specification for the
price of the n-period bond Pn(Xt), where Xt is the state
vector.

Assumption 1. The n-period zero-coupon bond price
Pn(Xt) is given recursively by

Pn(Xt) � Pn−1(g(Xt)) × exp (−m(Xt)), (1)
P0(Xt) ≡ 1, (2)

where X ∈ X ⊆ RN, where m(X) ∈M ⊆ R is a scalar, and
g(X) ∈ X.

Because zero-coupon bond prices are available in
closed form, all yields and forward rates are also
available. The forward rate fn,t applicable to a one-
period loan n periods in the future is given by

fn,t �m(g◦n(Xt)), (3)

where g◦k(Xt) is the function g(·) applied k times (see
the appendix).

The appendix shows that this general framework
guarantees the absence of dominant trading strategies
(Rothschild and Stiglitz 1970, Levy 1992). That is, pri-
ces generated by Assumption 1 always satisfies the
ND condition, a concept closely related to the well-
known NA condition. Specifically, the NA condition
holds if any portfolio with positive cash flows for a
strictly positive probability and zero cash flows other-
wise must command a strictly positive price. The
weaker ND condition holds if and only if portfolios
with strictly positive payoffs in all states must have
positive prices. Section 2.2 provides more detail on
the ND condition with respect to tractable term struc-
ture models.

The functions m(·) and g(·) in Equation (1) are the
key primitives in our construction of bond prices. Ap-
plying n � 1 to this equation leads to the one-period
bond price of P1(Xt) � exp (−m(Xt)). Thus, the func-
tion m(Xt) captures the one-period interest rate as a
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function of the state vector Xt. The function g(·) em-
bodies how the price of the bond is discounted back
by one period. Equation (2) corresponds to our as-
sumption that bonds are redeemed at their face value
of one dollar.

Our empirical results are based on a particularly
relevant example of an ND model that imposes a low-
er bound on interest rates in the spirit of Black (1995)
and Wu and Xia (2016). For the short rate function
m(·), we let

rt �m(Xt) � θw
st
θ

( )
, (4)

where θ > 0 is a scalar and st � δ0 + δ1
′;Xt is the shad-

ow rate. The w(x) function, closely related to the short
rate function adopted by Wu and Xia (2016), is de-
fined as

w(x) � xΦ (x) +φ(x), (5)

where Φ(x) and φ(x) are the cumulative probability
function and the density function of a standard nor-
mal distribution, respectively.

To illustrate Equations (4) and (5), Figure 1 displays
the short rate rt for values of the shadow rate st be-
tween −2% and 5% where we fix θ � 0:0070, produc-
ing the familiar hockey stick pattern. It is visually ap-
parent (and it can be shown analytically) that this
choice for w(x) implies the following properties: (i) rt
has a lower bound, (ii) rt increases with the shadow
rate st, and (iii) rt converges to the shadow rate for
large values of st. We choose to pin down the lower

bound to zero for simplicity because the short maturi-
ty yields in our sample do not take negative values.

As our setting is quite general, other modeling
choices are available. For instance, it is possible to set
w(x) � log (1+ exp (x)), which also guarantees positive
interest rates. In addition, the online appendix shows
other examples of ND models where yields are given
by linear or linear-quadratic functions of the pricing
factors.

To obtain yields and forward rates, we adopt, for
simplicity, a linear choice for g(·):

g(Xt) � KXt, (6)

where K is an N × N matrix. Although the choice of
the function w(x) embeds a reduced-form interpreta-
tion that st is the shadow short rate, Equations (4)–(6)
together imply that the one-period forward rate n pe-
riods ahead is given by

fn,t � θw
δ0 + δ1

′KnXt

θ

( )
, (7)

which suggests a similar interpretation linking the
forward rate fn,t to a shadow forward rate
sn,t � δ0 + δ1

′KnXt. Like the short rate, the observed
forward rate remains positive for all values of the
shadow forward rate. Of course, the observed and
shadow forward rates converge to each other for large
values of the shadow rate sn,t.

2.2. Properties
The solution for forward rates in Equation (7) is be-
cause of the recursive assumption for bond prices in
Equation (1). By way of comparison, the online appen-
dix shows that under a specific parameterization, our
framework nests the Nelson–Siegel loadings. To this
extent, our approach is reminiscent of the DNS frame-
work of Diebold and Li (2006). This connection is im-
portant given the premium on tractability. Although
the DNS framework does not guarantee positive
yields, that class of models remains popular to a large
extent because it is easy to use and the models provide
good forecasting performance. One reason for the
popularity of DNS models is that they seem almost ar-
bitrage free, as put forth in Christensen et al. (2011).4

Therefore, an important question is whether more
general choices of m(·) and g(·) within our framework
produce bond prices that are also almost arbitrage
free and that can be trusted in practical forecasting ap-
plications. We provide an answer to this question in
the appendix. As mentioned, bond prices in our
framework do not offer dominant trading strategy.
We show, in addition, that any remaining arbitrage
opportunity our framework could permit cannot be
self-financing and in addition, that the opportunity
does not survive in the presence of nonzero short-
selling costs. This result holds for any choices of m(·)

Figure 1. (Color online) Hockey StickQ:16

Note. The hockey stick transformation from the shadow rate st to the
short rate rt is given by θw(st=θ), where w(x) � xΦ(x) +φ(x) and
θ � 0:0070. Φ(x) and φ(x) are the cumulative probability function and
the density function of a standard normal distribution, respectively.
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and g(·) and requires only mild conditions for the dy-
namics of the risk factors Xt. Indeed, a substantial lit-
erature has documented the costs to establish and
maintain short Treasury bond positions, even for the
most liquid issues (Duffie 1996, Krishnamurthy 2002,
Vayanos and Weill 2008, Banerjee and Graveline
2013).

Therefore, it appears that the practical relevance
of the DNS models may generalize to our broader,
more flexible framework. By swapping the NA re-
quirement for the weaker ND requirement, we hope
to broaden the scope of tractable yet economically
sensible term structure models. Choosing a model in
the ND framework does not preclude that we recov-
er a useful representation of the data. In addition,
choosing a model in the NA framework does not
guarantee that we recover a plausible representation
of the data by all accounts. For instance, Duffee
(2010) shows that estimates of fully flexible NA
models produce maximum Sharpe ratios that are as-
tronomically high.

Beyond flexibility and tractability, the ND frame-
work offers another potential benefit. To see this, com-
pare the ND pricing Equation (7) that one would ob-
tain in a standard NA setting. First, the ND intercept
δ0 is invariant to the volatility specification. The inter-
cepts in the NA model would contain Jensen terms
that vary with maturity and depend on the variance
parameters. This difference resembles the distinction
between the constant term in the Nelson–Siegel model
and the additional Jensen term in a standard NA
Gaussian model. Second, the scaling parameter θ in
the ND pricing Equation (7) is also invariant to the
volatility specification. The scaling parameters in an
NA model would vary with maturity and depend
strongly on the volatility of yields. Therefore, it is
plausible that the no-arbitrage restriction introduces a
tension between the fit of yields and estimates of the
volatility parameters, as in Joslin and Le (2021) for
square root processes, that is relaxed in the ND
setting.

2.3. State Dynamics
To facilitate comparison with existing models, we con-
sider conditionally Gaussian dynamics for conve-
nience. However, we reemphasize that our framework
precludes dominant bond trading strategies under far
more general dynamics. For example, future work
could easily consider additional features including a
shifting end point in the spirit of Kozicki and Tinsley
(2001) and Bauer and Rudebusch (2020), a long-
memory process as in Goliński and Zaffaroni (2016),
or switching regimes as in Bansal et al. (2004).5

Every model that we consider builds on the follow-
ing discrete time vector autoregressive VAR(1) dy-
namics:

Xt+1 � K0 + K1Xt + Σ
1=2
t εt+1, (8)

where εt+1 is i.i.d. standard normal. We also consider
a general case where the conditional dynamics for vol-
atility Σt are given by

Σt � Σ0 + aΣt−1 + bΔXtΔXt
′, (9)

where a and b are both scalar and ΔXt � Xt −Xt−1,
which is similar in spirit to the multivariate volatility
models introduced by Noureldin et al. (2011). We la-
bel this model SV-Bnd, where SV indicates time-
varying volatility, B indicates a Black-type shadow
rate, and the subscript nd indicates the no-dominance
property. For comparison with the existing shadow
rate models, we also consider a case with a constant
covariance matrix Σt � Σ0, which we label Bnd. Both
the SV-Bnd and Bnd specifications can be estimated
quickly and robustly. The case with constant volatility
is closely related, and hence, it can be compared with
the widely used NA implementation of Black (1995)
by Wu and Xia (2016).

2.4. Estimation Strategy
A central practical objective of our paper is to intro-
duce a set of models that are both accurate and quick
to estimate. An important insight in Joslin et al. (2011)
is that implementation of affine models is easier if the
candidate model is rotated to an observationally
equivalent representation in which the state variables
are the first principal components of yield or forward
rates such that the state variables become observable.

The same insight is applicable to shadow rate mod-
els even if they do not belong to the affine class of
models studied by Joslin et al. (2011). In the online ap-
pendix, we show that we can essentially undo the
nonlinearity of our model and transform it back into a
linear space for the purpose of estimation. In the case
of shadow rate models, the transformation recovers a
shadow short rate and shadow forward rates that we
use as observable risk factors with linear dynamics.
Then, based on this representation, we provide the
closed-form conditional likelihood of the data. Finally,
we analytically concentrate out parameters of the
VAR(1) from the likelihood, which preserves another
appealing feature of the approach in Joslin et al.
(2011). The fact that our construction for Σt uses
ΔXtΔXt

′ to update the volatility is an important build-
ing block for this approach. In this way, the condition-
al mean (K0, K1) parameters in Equation (8) do not en-
ter the volatility dynamics in Equation (9) and thus,
can be optimally obtained as a GLS estimate of the
VAR(1).

Overall, we can achieve fast, convenient, and robust
estimation of every model. For robustness, we also
check that our key results are unchanged if we assume
that the pricing portfolios are measured with error
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and use a Kalman filter to derive the likelihood. Note
that a quick and robust estimation procedure is avail-
able more generally as long as the short rate function
m(:) is invertible and the g(:) function remains affine.
For even more general specifications of these func-
tions, one could use the robust estimation method
proposed by Andreasen and Christensen (2015) for
nonlinear dynamic term structure models with poten-
tially non-Gaussian latent factors.

3. Model Evaluation in a Simulated
Environment

We first estimate and evaluate several bond pricing
models using a large number of simulated yield data
sets. Using simulated yields makes comparisons be-
tween models more accurate because all true predic-
tive moments, such as yield forecasts, volatility fore-
casts, and conditional Sharpe ratios, are known at
each point in time in every simulation. This is unlike
using historical data (which we do in the next section),
where predictive moments are not known and some
are difficult to estimate precisely. This is especially
true if we want to carry the assessments to periods
over which yields are close to the lower bound.

The data-generating process for the simulations is
the linear-rational term structure model of Filipovic
et al. (2017) that satisfies the lower bound and allows
for time-varying volatility. We select simulations with
30 years of data and that include an episode at the
lower bound toward the end of the sample. The online
appendix provides more details, and it shows that this
sophisticated environment produces realistic simulat-
ed paths for yields and captures the upward sloping
yield curve as well as the downward sloping yield
volatility curve. This environment also produces real-
istic conditional Sharpe ratios that we can use to as-
sess term structure models. Table 1 reports quantiles
of the realized Sharpe ratios in U.S. data for

investment horizons of 3, 6, and 12 months for bonds
with 2, 5, and 10 years to maturity. For each bond and
each investment horizon, we compute the realized
Sharpe ratios by dividing the average excess return by
its standard deviation over rolling windows of 36
months. Our rolling calculations attempt to capture,
in a model-free way, the time variation in Sharpe ra-
tios. Importantly, the same calculations can be applied
to both historical yields and simulated yields to facili-
tate comparison.

Overall, although the estimates in Filipovic et al.
(2017) were not targeted to match moments of the his-
torical Sharpe ratios, the simulation closely matches
the realized moments. Because yields have declined
and average returns were higher after 2008, the histor-
ical median estimates are higher than the comparable
statistics reported by Duffee (2010). The ex post real-
ized Sharpe ratios are higher than the conditional
Sharpe ratios that actually prevailed in bond markets;
this is likely because a substantial share of that decline
in yields over the last few decades was unexpected.
This may explain why the historical estimates tend to
be somewhat higher than the estimates from
simulations.

With simulations in place, we assess the perfor-
mance of a number of models. Specifically, we consid-
er an NA affine Gaussian model (Gna), an NA affine
stochastic volatility model (A1na), an NA Black shad-
ow rate model (Bna) as in Wu and Xia (2016), a tracta-
ble ND Black shadow rate model (Bnd), and a tractable
ND Black shadow rate model with stochastic volatility
(SV-Bnd). For comparability, all models feature three
pricing factors. The Gna and the A1na models corre-
spond respectively to the well-known A0(3) and A1(3)
models, respectively, of Dai and Singleton (2000). The
difference between each of the considered models and
our adopted data-generating process reflects the ines-
capable reality that the modeler will never know with
certainty the true data dynamics. As an aside,

Table 1. Sharpe Ratios Using Historical and Simulated Data

m, months h, years

Simulation U.S. data

2.5 25 Median 75 97.5 2.5 25 Median 75 97.5

3 2 −0.51 −0.14 0.03 0.20 0.54 −0.64 −0.08 0.35 0.68 1.64
5 −0.50 −0.12 0.07 0.24 0.59 −0.49 −0.06 0.17 0.41 0.80
10 −0.49 −0.10 0.09 0.26 0.62 −0.50 −0.05 0.11 0.30 0.61

6 2 −0.76 −0.20 0.06 0.31 0.84 −0.97 −0.17 0.39 0.88 2.27
5 −0.76 −0.17 0.12 0.38 0.93 −0.81 −0.09 0.24 0.56 1.16
10 −0.74 −0.15 0.14 0.41 0.96 −0.88 −0.09 0.15 0.43 0.87

12 2 −1.13 −0.28 0.12 0.52 1.36 −1.38 −0.22 0.38 1.16 2.49
5 −1.20 −0.24 0.21 0.63 1.51 −1.57 −0.12 0.32 0.75 2.07
10 −1.18 −0.22 0.25 0.67 1.61 −1.66 −0.17 0.24 0.68 2.00

Notes. For each bond maturity m and each investment horizon h, we compute the realized Sharpe ratios by dividing the average excess return
by its standard deviation over rolling windows of 36 months. The same calculations are applied to both historical yields and simulated yields.
Columns (3)–(7) show quantiles of the Sharpe ratios across all simulated samples. Columns (8)–(12) show quantiles of the Sharpe ratios for the
U.S. data.
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although we focus on a linear-rational model to assess
these models, we note that we find similar results us-
ing the Gaussian quadratic term structure model as
the data-generating process.

3.1. Sharpe Ratios
We use estimates of the conditional Sharpe ratios to
evaluate and rank models. For a given investment ho-
rizon, the ratio’s numerator is the conditional ex-
pected return in excess of the risk-free rate. The de-
nominator is the conditional volatility of the
corresponding return. Intuitively, the Sharpe ratio
measures the expected return per unit of risk—where
risk is measured by total volatility. Our ranking pre-
sumes that term structure models that accurately esti-
mate conditional Sharpe ratios are more useful than
other models that do not. For completeness, the online
appendix reports results based on the estimates of the
conditional mean and volatility of yields across
models.

To establish this ranking, we consider three invest-
ment horizons up to 1 year ahead and four bond ma-
turities up to 10 years. We measure the accuracy with
the root median squared errors (RMedSEs) between
true and model-implied Sharpe ratios. We use the me-
dian both along the time dimension and across simu-
lations. Using median statistics mitigates the risk that
one extreme observation might skew the performance
of any of the models.

Table 2 reports the RMedSE statistics implied by all
models considered. The columns labeled μ and σ re-
port the means and standard deviations of Sharpe ra-
tio estimates based on estimates of bond returns and
volatility computed using rolling windows of 36

months. The column labeled T reports the RMedSE
based on the rolling-window Sharpe ratio estimate,
thereby providing a practical and realistic baseline
against which to gauge the other models. The left side
of Table 2 reports statistics computed using the full
sample in every simulation. The right side of the table
reports statistics using only subsamples close to the
lower bound.

Looking at the results, we ask two questions. First,
how do the NA and ND implementations of the Black
shadow rate model compare with each other? The an-
swer is that the Bnd model delivers more accurate
Sharpe ratio estimates than the Bna model, on average,
for every investment horizon and bond maturity that
we consider, without exception. In fact, the Bna model
sometimes even underperforms the simpler Gaussian
Gna model. This contrast is rather stark over the
lower-bound sample. Whereas the Bnd model handily
outperforms the model Gna, the Bna model performs
consistently worse than the Gaussian Gna model, bar-
ring one exception. We discuss the causes underlying
these differences in the next subsection.

The second question we ask is what the relative
gain is from modeling both the lower bound and the
time-varying volatility of yields. The answer to this
question is that the ND Black model with stochastic
volatility, SV-Bnd, significantly outperforms other
models. In full samples, the SV-Bnd model delivers the
most accurate Sharpe ratios, on average, for all consid-
ered horizons and bond maturities. The RMedSE
gains are sizeable relative to the baseline rolling-
window estimates and relative to the NA Gaussian
model, ranging from 10% to 30%. Finally, the SV-Bnd

gains are smaller relative to the Bnd model but larger

Table 2. Estimating Conditional Sharpe Ratios in Simulations

h, months m

Entire sample ZLB sample

μ σ T Gna A1na Bna Bnd SV-Bnd μ σ T Gna A1na Bna Bnd SV-Bnd

3 6 months 0.02 0.26 0.27 0.22 0.22 0.36 0.27 0:18a 0.18 0.18 0.51 0.29 0.30 0.28 0:17a 0.21
2 years 0.04 0.26 0.38 0.47 0.46 0.76 0.48 0:36a 0.22 0.17 1.00 0.64 0.69 0.68 0.33 0:33a

5 years 0.07 0.27 0.57 0.83 0.78 1.15 0.75 0:58a 0.23 0.19 1.28 1.03 0.99 1.16 0.70 0:47a

9 years 0.08 0.27 0.73 1.17 1.09 1.40 1.07 0:84a 0.23 0.21 1.41 1.26 1.32 1.27 1.03 0:77a

6 6 months 0.05 0.38 0.34 0.18 0.18 0.32 0.24 0:16a 0.29 0.27 0.53 0.20 0.20 0.23 0:14a 0.17
2 years 0.07 0.40 0.45 0.41 0.40 0.68 0.39 0:32a 0.35 0.27 0.92 0.48 0.49 0.61 0.27 0:24a

5 years 0.11 0.42 0.65 0.73 0.70 1.05 0.67 0:50a 0.38 0.29 1.23 0.75 0.83 0.97 0.58 0:38a

9 years 0.13 0.42 0.78 1.07 0.99 1.26 0.97 0:75a 0.37 0.31 1.38 1.06 1.12 1.16 0.97 0:70a

12 6 months 0.10 0.59 0.46 0.16 0.14 0.25 0.19 0:14a 0.52 0.43 0.69 0.16 0.14 0.18 0:12a 0.13
2 years 0.15 0.64 0.60 0.35 0.33 0.55 0.34 0:27a 0.62 0.45 1.00 0.35 0.32 0.47 0.25 0:19a

5 years 0.21 0.67 0.80 0.64 0.60 0.93 0.61 0:42a 0.65 0.46 1.26 0.65 0.64 0.82 0.48 0:33a

9 years 0.23 0.68 0.88 0.93 0.85 1.15 0.90 0:63a 0.65 0.49 1.44 0.91 0.85 1.02 0.86 0:55a

Notes. Precision of the conditional Sharpe ratio estimates at horizon h (column (1)) and maturity m (column (2)). μ and σ refer to the median
across simulations of the mean and standard deviations of rolling-window Sharpe ratio estimates, respectively. The other columns report the
RMedSEs between true and estimated conditional Sharpe ratios. T refers to the RMedSE of rolling-window Sharpe ratio estimates.Gna, A1na, and
Bna refer to the NA affine Gaussian model, the NA affine stochastic volatility model, and the NA shadow rate model, respectively. Bnd and SV-
Bnd refer to the ND Black models with and withoutQ:18 BEKK volatility, respectively. The lower-bound subsamples collect dates when the one-
month rate is 25 basis points or less.

aThe best performance for a given horizon, maturity, and sample.
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relative to the Bna. The A1na model also offers gains in
full samples.

When focusing on the lower-bound samples, the
baseline rolling-window estimates offer much poorer
accuracy relative to the full-sample results. However,
the SV-Bnd model still delivers the best performance
for all horizon-maturity combinations, with the excep-
tion of one case where the Bnd is ranked first (six-
month horizon and six-month terminal maturity). In
all cases, the RMedSE gains are large relative to either
of the NA models, ranging between 15% and 50%.

The winning model in Table 2 is always statistically
significantly better than the Gna model. To see this
clearly, we can look at the distribution of simulation
results. Figure 2 reports the cumulative empirical dis-
tribution of RMedSEs across simulations. For clarity,
we include results for the SV-Bnd, Gna, and Bna models
(the distribution for the A1na model is close to the Gna,
like their respective medians in Table 2). This distribu-
tion accounts for the sampling variability because of
the sample size, the model estimation, and
misspecification.

The ranking between the three models clearly
emerges. The SV-Bnd exhibits first-order stochastic
dominance over the benchmark Gna, which itself ex-
hibits first-order stochastic dominance over the Bna

model. This means that any quantile for RMedSe in
the distribution from the SV-Bnd model is lower than
in the distribution from the Gna. A test for equality
also rejects the null hypothesis for arbitrary small criti-
cal values. As mentioned earlier, we find similar

results (unreported) when using the Gaussian qua-
dratic term structure model as the data-generating
process.

We also evaluate the accuracy of Sharpe ratios for
portfolios of bonds, which depends on the models’ abil-
ity to forecast the correlations among future yields.
We form three simple equal-weighted portfolios con-
sisting of zero-coupon bonds with maturities of six
months and one, two, … nine years. The first portfo-
lio combines all 10 maturities, the second portfolio
combines the first 5 short-term maturities, and the
third portfolio combines the last 5 maturities. Table
3, sharing the same column structure as Table 2, re-
ports the performance by the four models in fore-
casting the Sharpe ratios of the three portfolios. The
key messages are essentially unchanged. The SV-Bnd

model clearly outperforms all other models for every
category. The performance gains obtained by the
SV-Bnd model, relative to the Gaussian model, are
similar to those observed for the case of the individ-
ual bonds reported in Table 2. In particular and as
expected, the gains are especially large across sam-
ples near the lower bound.

3.1.1. Discussion of the Simulation Results. The com-
bination of time-varying volatility and satisfying the
lower bound appears important in driving the perfor-
mance in these simulations. In the online appendix,
we show that the flexible volatility dynamics help im-
prove forecasts of the denominator in the Sharpe ratio
(which is expected) as well as the numerator (which is

Figure 2. (Color online) RMedSE Distributions

Notes. (a) m � 9 years and h � 3 months. (b) m � 9 years and h � 12 months. The cumulative distribution function of simulated RMedSEs from
Sharpe ratio estimates is shown. Gna and Bna refer to the NA affine Gaussian and Black models, respectively. SV-Bnd refers to the ND Black mod-
els with BEKK volatilityQ:17 . Both panels report results for holding a bond with nine years to maturity at the end of the investment horizon. Panel (a)
shows results for the three-month holding horizon. Panel (b) shows results for the 12-month holding horizon.

Feunou et al.: Tractable Term Structure Models
8 Management Science, Articles in Advance, pp. 000–000, © 2021 INFORMS



 

 

more surprising). The latter gains are because of the
increased econometric efficiency.

It is easy to understand why the SV-Bnd model does
a better job, given its flexible volatility dynamics.
However, what can explain the poor performance of
the NA Black model Bna relative to the ND Black mod-
el Bnd? Fortunately, the simulation exercise can pro-
vide further insights into the differences.

Conceptually, the only difference between these
models can be found in the pricing equations, which
are where the answer must lie. To help facilitate com-
parison, the pricing equation in the Bna model is given
by

fn,t ≈ Sn w
An + Bn

′ Xt

Sn

( )
,

where An and Bn are restricted by the absence of arbi-
trage (the coefficients Sn, An, and Bn are given in the
online appendix). Some of the parameters that consti-
tute Sn play a dual role in the Bna models. They govern
bond pricing and contribute to fitting the volatility of
yields. This dual role may create tension between fit-
ting yields and volatilities. Notably, this tension is
largely absent in NDmodels (see Equation (7)).6

Any trade-off between yield and volatility forecasts
will affect the Sharpe ratio estimates. However, poorer
yield and volatility estimates do not always lead to
worse Sharpe ratio estimates. To illustrate this possi-
bility, consider an investment with an expected excess
return and expected volatility of 0.3 and 0.1, respec-
tively, where the true Sharpe ratio is three. An error of
+0.1 in the forecasts of returns and volatilities implies
a conditional Sharpe ratio of 0:4=0:2 � 2. This is a dif-
ference of one relative to the true ratio. By contrast, an
error of −0.05 in the forecasts of the expected returns
and return volatility implies a conditional Sharpe ratio
of 0:35=0:05 � 5. This is now a difference of two

relative to the true ratio. The smaller absolute forecast
errors produce a larger Sharpe ratio error.

Following this illustration and to be more precise,
we can express the mean squared error of Sharpe ra-
tios analytically. Define the forecast error fej(x) and
the mean squared forecast error msf ej(x) for some
forecast x from model j:

fej(x) ≡ (xj − x0)
msf ej(x) ≡ E[fej(x)2 | x0] � E[(xj − x0)2 | x0],

where we suppress the horizon and maturity index
for clarity, xj is the model forecast from model j, and
x0 is the true forecast in the simulation. For instance,
msf ej(xr(m)

t,t+h) gives the mean squared return forecast
error for the yield with maturity m at the horizon h,
and msf ej(σ(m)

t,t+h) gives the mean squared volatility
forecast error. Analytically, it can be shown that
msf ej(SR(m)

t,t+h) is given by

msfej(SR) ≈msf ej(xr) + b1msfej(σ)
+ b2E[ fej(xr)] × E[ fe(σ)]
− b3COV( fej(xr); fej(σ)), (10)

where the coefficients are positive b1 > 0, b2 > 0, and
b3 > 0, and they depend on the true Sharpe ratio (see
the online appendix). This expression is useful to con-
firm the intuition. The first term indicates that the ac-
curacy of Sharpe ratio estimates moves one for one
with the accuracy of returns forecasts. The second
term indicates that the impact from the accuracy of
the volatility forecasts depends on the level of the
Sharpe ratio. The third term indicates that msf ej(SR)
also increases if the product of the biases is positive,
which is caused by the nonlinearity in the ratio. Final-
ly, the last term shows that the msf ej(SR) increases
with the correlation between the return forecast error
and the volatility forecast errors fej(xr) and fej(σ).

Table 3. Bond Portfolio Sharpe Ratios

h, months m

Entire sample ZLB sample

Gna A1na Bna Bnd SV-Bnd Gna A1na Bna Bnd SV-Bnd

3 6 months to 9 years 0.5 0.97 1.51 0.94 0:72a 0.7 0.99 1.04 0.49 0:45a

6 months to 4 years 0.9 0.92 1.39 0.95 0:68a 1.0 0.99 1.10 0.73 0:49a

5–9 years 1.0 0.91 1.30 0.92 0:68a 1.2 1.04 1.04 0.76 0:52a

6 6 months to 9 years 0.5 0.96 1.60 0.98 0:77a 0.6 0.99 1.20 0.58 0:46a

6 months to 4 years 0.8 0.95 1.43 0.94 0:69a 0.8 1.06 1.22 0.81 0:53a

5–9 years 0.9 0.95 1.30 0.94 0:68a 0.9 1.06 1.15 0.86 0:58a

12 6 months to 9 years 0.4 0.96 1.61 1.03 0:77a 0.4 0.91 1.39 0.72 0:52a

6 months to 4 years 0.7 0.94 1.45 1.00 0:66a 0.7 0.96 1.24 0.79 0:53a

5–9 years 0.8 0.94 1.31 1.01 0:66a 0.8 0.99 1.27 0.95 0:58a

Notes. Gna, A1na, and Bna refer to the NA affine Gaussian model, the NA affine stochastic volatility model, and the NA shadow rate model,
respectively. Bnd and SV-Bnd refer to the ND Black models with and without BEKK volatility, respectively. For the Gna model, we report the
RMedSEs between true and model-implied estimates. For other models, we report the RMedSE statistics relative to the Gna model. The first two
columns give the forecast horizon h and the maturity m at the end of the investment periods, respectively. The lower-bound subsamples collect
dates for which the one-month rate is 25 basis points or less.

aThe best performance for a given forecast horizon, bondmaturity, and sample.
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In the online appendix, we show that the forecast

biases are the key drivers for the relatively poor per-
formance of the NA models in the simulation exercise.
Both the Bna and Gna models exhibit large biases in
their yield and volatility forecasts. In the case of the
Bna model, both biases are negative and reduce the ac-
curacy of the Sharpe ratio estimates. For the Gna mod-
el, the biases have opposite signs, which mitigates the
effect on the accuracy of the Sharpe ratio estimates.
We also show that the root mean squared errors
(RMSEs) of yield and volatility forecasts do not ex-
plain the relatively poor performance of NA models
in estimating conditional Sharpe ratios. Unsurprising-
ly, the SV-Bnd model delivers the most accurate fore-
casts with the smallest biases across the simulation
results.

4. Empirical Illustrations
In this section, we complement our simulation evi-
dence and examine the performance of the Gna, A1na,
Bna, Bnd, and SV-Bnd models based on historical data.7

We use rates, measured monthly from January 1970
through August 2020, on one-month forward loans
with 13 different maturities: one month, three months,
six months, one year, two years, and annually until
year 10. Specifically, we use the data provided by Gur-
kanyak et al. (2007) for maturities longer than six
months. For maturities less than or equal to six
months, we bootstrap the forward rates from Treasury
bond prices provided by the Center for Research in
Security Prices.

Based on these historical data, we report pricing er-
rors, yield and volatility forecasts, and shadow rate es-
timates relative to the Gna model. Following Wu and
Xia (2016) and for comparability with existing results,
we use the Kalman filter estimate of the Bna, Bnd, and
Gna models in our analysis. Consistent with the evi-
dence in Joslin et al. (2013), our results are unchanged
if we estimate every model with shadow forward
portfolios priced without error. For the A1na and SV-
Bnd models, we use the estimate obtained by assuming
the portfolios of shadow forwards are priced perfect-
ly. This approach is easy to implement and converges
quickly and robustly to global parameter estimates.

4.1. Pricing Errors
Table 4 reports the RMSEs in fitting yields for selected
maturities in the full sample and in the subsample
where the short rate is at the lower bound. First, the
results are very similar across models. This is not sur-
prising because every model that we consider has
three factors, which is well known to be enough to fit
the cross-section of yields.

Second, we contrast the results between the NA and
ND shadow rate models with constant volatility, Bna

and Bnd. We find that the pricing errors are very close,
within a fraction of one basis point (bp) over the full
sample. This result parallels existing work finding
negligible differences between the pricing errors of
the Gaussian Gna models and those of the DNS mod-
els. Table 4 extends this result to models with a Black
truncated short rate. Note that both models offer a
small improvement over the standard Gaussian Gna

model. As expected, this difference is concentrated in
the period close to the lower bound.

4.2. Shadow Short Rates
Figure 3 plots the one-month rate in the A1na and the
one-month shadow rates implied by the Black models
Bna, Bnd, and SV-Bnd along with the observed one-
month short rate, focusing on the period after 2008.
For much of the first lower-bound period, it is rather
interesting that the shadow rates implied by the two
ND models, despite their different volatility specifi-
cations, remain close to one another. Overall, the NA
model Bna shadow rates remain within a range of 50
bps with one clear exception; for much of 2014, the
shadow rate implied by the NA model Bna falls
much deeper into the negative region, often by more
than 100 bps, relative to the two ND shadow rates.
In the more recent lower-bound period, starting in
March 2020, these three models produce similar
shadow rate estimates. The estimated shadow rate
for the Bna model that we report is broadly similar to
results reported by the Federal Reserve Bank of At-
lanta based on the Wu and Xia (2016) model. In par-
ticular, both also report a shadow rate at −3% in
2014.

The pattern in Figure 3 suggests that although
there has been considerable interest in studying the
economic content of shadow rates, this must be
done with caution given that shadow rates can be
highly model dependent. This is also an important
observation documented in Bauer and Rudebusch
(2016).

Table 4. Pricing Errors

m

Entire sample ZLB sample

Gna A1na Bna Bnd SV-Bnd Gna A1na Bna Bnd SV-Bnd

6 months 22.2 21.1 18.2 17.7 21.3 15.1 14.8 13.7 12.1 16.1
1 year 18.7 18.5 15.2 15.3 18.4 11.9 11.1 7.2 7.6 10.9
2 years 12.4 12.7 10.4 10.6 12.1 9.8 10.3 4.5 5.1 6.7
5 years 5.2 3.2 4.0 3.9 3.5 4.5 2.0 3.0 2.7 3.3
10 years 1.9 1.3 1.4 1.4 1.4 1.4 0.9 0.9 0.7 1.1

Notes. Pricing error RMSEs for NA and ND models (in basis points)
are shown. Gna, A1na, and Bna refer to the NA affine Gaussian model,
the NA affine stochastic volatility model, and the NA shadow rate
model, respectively. Bnd and SV-Bnd refer to the ND Black models
with and without BEKK volatility, respectively. The sample period is
1970:January to 2020:August.
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4.3. Short Rate Forecasts
Figure 4 shows each model’s forecast of the one-
month rate, focusing on the period close to the lower
bound after 2008. We report results for the 3- and
12-month forecast horizons. Results for other matur-
ities lead to similar observations (not reported).

Two observations are worth nothing. First, the fore-
casts implied by the NA affine Gaussian model (green
lines) and the NA stochastic volatility model (dotted
lines) can be visibly distinct from the forecasts implied
by the shadow rate models. In particular, their fore-
casts significantly violate the lower bound (at all hori-
zons) in the prolonged period near the lower bound
after 2008. Second, regardless of the model type—NA,
ND, constant variance, or stochastic volatility—the
forecasts by the shadow rate models are close to one
another. Their proximity suggests that it can be
challenging to accurately compare the different
models in one short subsample close to the lower
bound. This observation strengthens the case for the
exercise in Section 3, where the models are evaluat-
ed in a controlled simulation environment. Addi-
tionally, this observation serves as a reminder that
even large differences in the model-implied shadow
rates, as documented in the previous subsection,
should be interpreted with caution. As we can see
here, large differences in shadow rates do not trans-
late to empirically meaningful differences in short
rate forecasts.

4.4. Volatility Forecasts
It might be challenging to compare models based on
the forecast of yields in one short sample close to the
lower bound, as we have argued. However, this argu-
ment does not carry fully to comparison based on the
models’ implied yield volatility. Figure 5 plots the vol-
atility forecasts of the 24-month yield implied by the
models over two forecast horizons: 3 and 12 months.
As a benchmark, we compute the realized variances
of the 24-month yield using 3 months of daily data
leading up to each point in time t. It is known that re-
alized volatility can be estimated precisely using rela-
tively high-frequency data, even in a short window.

Every shadow rate model appears to do a good job
during the lower-bound episodes starting in 2008 and
2020. Away from the lower bound, the SV-Bnd model
performs well matching the large fluctuations of the
RV series (ranging from as low as 40 bps to as high as
300 bps). This justifies the simple construction for the
volatility dynamics in Equation (9). The volatility fore-
casts from the A1na model follow the broad pattern
displayed by the realized volatility. Specifically, the
A1na model tracks rather closely the realized volatility
pattern in the recent episode near the lower bound
and continues to do so when yields are lifted off the
lower bound. However, the A1na volatility forecasts
significantly miss the short period of very high volatil-
ity in the early 1980s. These results are consistent with
the conclusion by Jacobs and Karoui (2009) that the

Figure 3. (Color online) Shadow Rates

Notes. One-month short rate and shadow rate (1970:January to 2020:August) are shown. A1na and Bna refer to the NA affine stochastic volatility
and the NA shadow rate models, respectively. Bnd and SV-Bnd refer to the ND Black models with and without BEKK volatility, respectively.
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ability of this class of models to capture conditional
volatility depends on the sample period.

In contrast and as expected, it is clear that the yield
volatilities implied by the constant-variance Black
models are essentially a flat line for periods away
from the lower bound. Loosely speaking, the flat lines
correspond to the average volatility levels away from
the lower bound implied by the Bna and Bnd models. It
is notable that they are not at the same level. Specifi-
cally, the average volatility level implied by the NA
model Bna is higher than the level implied by the ND
model Bnd and higher than the corresponding RV se-
ries for much of the sample, with the exception of the
early 1980s. The fact that the Bna model seems to miss
the average volatility level indicated by the RV series
constitutes evidence that the Bna model might be con-
strained. As we argue before, the scaling parameter Sn
in the pricing equation of the Bna model is directly
linked to the volatility parameters of the model. As

such, this dual role of the scaling parameter might cre-
ate a tension in the ability of the model to fit the multi-
ple dimensions of the data.

These results are confirmed by the RMedSEs re-
ported in Table 5. Across maturities and horizons, the
SV-Bnd model is able to reduce volatility forecast er-
rors by 10%–30% relative to the A1na model during
the full sample. The improvement can be even larger
in specific cases or in subsamples. The reduction is
particularly large for short-term yields near the lower
bound, where the improvement ranges from 70% to
85%. This is precisely where we expect the SV-Bnd

model to provide the largest improvement. Across
other maturities and in the period near the lower
bound, the improvement ranges from 10% to 50%.
Comparing the Bna and Bnd models during the period
near the lower bound, where these models exhibit
meaningful volatility dynamics, does not produce a
clear winner.

Figure 4. (Color online) Short Rate Forecasts

Notes. (a) Three-month forecast horizon. (b) Twelve-month forecast horizon. Forecasts of the one-month rate (1970:January to 2020:August) are
shown. Gna, A1na, and Bna refer to the NA affine Gaussian model, the affine stochastic volatility model, and the shadow rate model, respectively.
Bnd and SV-Bnd refer to the ND Blackmodels with andwithout BEKK volatility, respectively.
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5. Model Evaluation with Out-of-
Sample Forecasts

This section continues the evaluation of the Gna, A1na,
Bna, Bnd, and SV-Bnd models in a real-time out-of-sam-
ple forecast exercise based on the same historical data
employed in the previous section. To start, each model
is first estimated based on monthly historical data
from January 1970 through December 1995. We use
rates on one-month forward loans with 13 different
maturities: one month, three months, six months, one
year, two years, and annually until year 10. We then
evaluate three-month-ahead yield and volatility fore-
casts for the six-month, 2-year, 5-year, and 10-year
bonds, and we record the associated forecast errors.
The results are qualitatively similar if we look at 6- or
12-month forecasts. We then reestimate each model

expanding the sample to January 1996 data and repeat
the evaluation. We iterate this procedure, expanding
the sample one month at a time, until August 2020.
Figure 6 reports out-of-sample root median squared
forecast errors for yields and volatilities across all
time periods.

5.1. Yield and Volatility Forecasts
We start with an evaluation of yield forecast errors.
Panels (a) and (b) of Figure 6 report the results in sub-
samples before 2008 and after 2008 (away or near the
zero lower bound), respectively. Despite the heteroge-
neity that we observe in the simulation environment,
we do not observe significant differences across the
models in terms of their ability to characterize yield
expectations out of sample. Regardless of whether we

Figure 5. (Color online) Volatility Forecasts

Notes. (a) Three-month forecast horizon. (b) Twelve-month forecast horizon. Forecasts of the two-year bond yield volatility (1970:January to
2020:August) are shown. Gna, A1na, and Bna refer to the NA affine Gaussian model, the affine stochastic volatility model, and the shadowmodel,
respectively. Bnd and SV-Bnd refer to the ND Black models with and without BEKK volatility, respectively.
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are away from or near the lower bound, out-of-sample
yield forecasts with an expanding estimation window
do not seem to be a metric for which model delinea-
tion is particularly useful.

We next turn to an evaluation of volatility forecasts,
where the realized volatility is the square root of the
sum of daily squared returns. Panels (c) and (d) of Fig-
ure 6 also report the results in subsamples before 2008
and after 2008, respectively. Regardless of the proxim-
ity to the zero lower bound, the volatility forecasting
performance of the Gaussian model, Gna, is, not sur-
prisingly, relatively poor. The two best models in
terms of volatility forecasting are, also not surprising-
ly, the A1na and SV-Bnd models. The SV-Bnd model
produces volatility forecast errors that are consistently
small, on average, across maturities, and its perfor-
mance relative to other models is particularly notable
for shorter maturity bonds. In contrast, the perfor-
mance of the A1na model is overall but deteriorates for
shorter maturity bonds.

When we compare the performance of the Bna and
Bnd models, we find that the ND model performs bet-
ter before 2008, particularly for shorter-maturity
bonds. This difference can only be attributed to the
bias introduced by the no-arbitrage restriction. How-
ever, the performance of both improves after 2008,
and the wedge between the two models essentially
closes (panel (d) of Figure 6). For long maturities, their
performance is close to the results based on the SV-Bnd

model. This latter result suggests that the volatility

compression that arises near the lower bound is cap-
turing most of the variation in volatility during these
periods (see also Kim and Priebsch 2013, Christensen
and Rudebusch 2014).

Overall, a real-time out-of-sample exercise based on
yield forecasting proves less useful for delineating
models. This is perhaps not so surprising given the ex-
tremely persistent, near-unit root nature of bond
yields. This was also part of the motivation for the
simulation exercise in Section 3. However, the exercise
is able to delineate models based on volatility dimen-
sions, highlighting the importance of the models that
directly facilitate stochastic volatility. Taken together,
our preferred SV-Bnd model fares favorably in an out-
of-sample evaluation. From this perspective, the clos-
est competitor (particularly for some longer matur-
ities) is the A1na stochastic volatility model. Hence, the
results in the historical sample offer a more positive
message about this model than the results in simulat-
ed samples.

5.2. Linear Projection of Yield Changes
Beyond RMSE statistics, Dai and Singleton (2002) pro-
pose a modified version of the popular Campbell and
Shiller (1991) expectations hypothesis regression as an
alternative metric to assess the predictive power of a
term structure model. The original Campbell and Shil-
ler (1991) regression is often referred to as LPY(i), and
the modified version is referred to as LPY(ii). In using
essentially detrended variables such as yield changes
and the slope of the yield curve, this approach affords
an evaluation of each model’s ability to predict yields
while largely abstracting from the near-unit root be-
havior of bond data.

As is well known, LPY(i) involves regressing a se-
ries of yield changes on the corresponding slopes of
the yield curve. The regression is designed such that if
the expectation hypothesis holds, the coefficient of the
regression should be one, regardless of yield maturity.
What Campbell and Shiller (1991) find, however, is
that these coefficients are significantly different from
one. As a matter of fact, they are mostly negative and
increasingly so as bond maturity increases. This pro-
nounced failure of the expectations hypothesis trans-
lates to evidence for strong time variation of bond risk
premia. LPY(ii) adds a model-implied risk premium
component to the yield changes used in LPY(i). The
premise is that if the risk premium adjustment is in
agreement with the data, the regression coefficients
will be corrected and moved closer to one.

We revisit the exercise to evaluate the Gna, A1na, Bna,
Bnd, and SV-Bnd models. As in Dai and Singleton
(2002), we ask whether the LPY(ii) adjustment in-
duced by each model can move the Campbell and
Shiller (1991) regression coefficients closer to unity. It
should be noted that in the out-of-sample spirit, we

Table 5. Volatility Forecasts

h, months m

Entire sample ZLB sample

A1na Bna Bnd SV-Bnd A1na Bna Bnd SV-Bnd

3 1 month 35.85 1.15 0.87 0.76 34.49 0.61 0.50 0.16
2 years 16.52 1.48 1.04 0.69 15.28 0.73 1.13 0.50
5 years 12.00 1.43 1.18 0.83 8.77 1.23 1.40 0.79
10 years 12.34 1.25 1.09 0.71 13.65 0.96 0.80 0.47
Average 19.17 1.33 1.05 0.75 18.05 0.88 0.96 0.48

6 1 month 49.73 1.10 0.85 0.77 46.07 0.68 0.61 0.20
2 years 22.61 1.50 1.08 0.73 20.89 0.79 1.21 0.66
5 years 16.87 1.39 1.17 0.86 13.24 1.13 1.24 0.84
10 years 17.64 1.22 1.07 0.74 19.60 0.92 0.82 0.51
Average 26.71 1.30 1.04 0.77 24.95 0.88 0.97 0.55

12 1 month 67.85 1.05 0.86 0.71 60.66 0.88 0.73 0.31
2 years 30.34 1.52 1.15 0.89 28.00 0.99 1.35 0.92
5 years 23.05 1.39 1.17 0.92 19.78 1.04 1.18 0.88
10 years 25.35 1.17 1.05 0.76 28.33 0.90 0.76 0.57
Average 36.65 1.28 1.06 0.82 34.19 0.95 1.00 0.67

Notes. Root median squared differences between volatility forecasts
and our realized volatility forecasts for a bond with maturity m and
horizon h are shown. A1na and Bna refer to the NA affine stochastic
volatility model and the NA shadow rate model, respectively. Bnd
and SV-Bnd refer to the NDmodels with andwithout BEKK volatility,
respectively. For the Bna model, we report the RMedSEs, in basis
points, between RV and model-implied volatility forecasts. For the
Bnd and SV-Bnd models, we report the ratio of RMedSE relative to the
A1na model. Forecasts horizons are 3, 6, and 12 months.
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conduct this analysis on a real-time basis, whereas Dai
and Singleton (2002) employ model estimates based
on the entire sample.

Specifically, LPY(ii) is derived from the decomposi-
tion of the bond return into a risk premium compo-
nent and an expectations component. Based on this
decomposition, one can use the model-implied premi-
um component as a correction term for LPY(i):

yn−1,t+1 − yn,t + ent
n − 1

� αn + φn
yn,t − y1,t
n − 1

( )
+ εn,t+1,

(11)

where ent is the relevant risk adjustment:

ent � −(n− 1)Êt[yn−1,t+1 − yn,t] + ŷn,t − ŷ1,t: (12)

The correction term ent can be computed for every
model. Equation (12) tells us that the ability of a

candidate model to capture the risk adjustment in the
context of LPY(ii) depends upon its ability to fit bond
yields contemporaneously and to capture the time se-
ries yield dynamics. If that is the case, then the theo-
retical value of the φn coefficient is unity. Note that
models with similar forecast RMSEs may offer differ-
ent performance based on the LPY(ii) criteria—the es-
timates for φn can differ—especially if the yield fore-
cast errors are correlated with the spread yn,t − y1,t.

To operationalize LPY(ii), we require yield forecasts
as well as fitted yields from every model. The typical
way to compute ent is to estimate each model using the
entire sample of data. However, given our focus on
out-of-sample performance, we estimate each model
every month in the expanding window framework
discussed. We then compute ent every month, collect
the results from January 1995 until the end of the

Figure 6. (Color online) Out-of-sample Forecast Error

Notes. (a) Yield forecast RMSEs—before 2008. (b) Yield forecast RMSEs—after 2008. (c) Volatility forecast RMSEs—before 2008. (d) Volatility fore-
cast RMSEs—after 2008. RMSEs in three-month-ahead out-of-sample forecasts of yields and yield volatilities are shown. Forecasts are based on
estimation from January 1970 through December 1995 and adding one observation every month until August 2020. Gna, A1na, and Bna refer to the
NA affine Gaussian model, the NA affine stochastic volatility model, and the NA shadow rate model, respectively. Bnd and SV-Bnd refer to the
ND Black models with andwithout BEKK volatility, respectively.
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sample, and run the LPY(ii) in Equation (11). This
means that the adjustment term is a real-time estimate
without look-ahead bias.

Figure 7 plots the LPY(ii) coefficients φn across ma-
turities n for every model. We consider an out-of-sam-
ple forecast horizon of 12 months. There are two key
takeaways. First, similar to Dai and Singleton (2002),
we find that the coefficients implied by the A1na model
remain far from unity (confidence bounds are provided
in the blue shaded area). The premium adjustments
have a relatively small effect, and these coefficients are
much closer to the standard Campbell–Shiller regres-
sion coefficients (i.e., ignoring the adjustment term).
Despite the fact that the A1na performance in out-of-
sample volatility forecasts is competitive, we infer that
the well-known tension between yields, returns, and
volatility dynamics in this no-arbitrage model has im-
portant negative consequences for the implications of
out-of-sample forecasts in correctly capturing premium
dynamics. Second, although there is relatively little
separating the other models along this particular evalu-
ation dimension, the coefficients implied by the SV-Bnd

model are closer to unity across maturities than the
A1na model. Taken together, from the perspective of
yield and volatility forecasts along with LPY(ii) premi-
um dynamics, the SV-Bnd model fares favorably out of
sample in a manner consistent with its strong perfor-
mance in the simulation environment.

6. Conclusion
We introduce a family of tractable no-dominance term
structure models where bond prices are analytically
available and very nearly arbitrage free for essentially
any specification of the time series dynamics. Our re-
sults based on some special cases show how this new
class of models can do a reasonable job, relative to ex-
isting models, in capturing the dynamics of condition-
al bond Sharpe ratios before and after 2008, when
yields reach the lower bound.

Variation in the volatility term structure remains a
challenge for existing models. Our family of
no-dominance models is large and permits flexible
specifications of the dynamic interactions between
yield and macrovariables, including time-varying vol-
atility and the interaction with the lower bound. This
should allow future research to revisit several results
involving the trade-off between the risk premium and
yield volatility faced by investors, the influence of
conventional and unconventional policy actions on
this trade-off (including quantitative easing and for-
ward guidance), and the correlations among interna-
tional term structures (when far from or near to their
respective lower bounds).
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Appendix. No-Dominance Term Structure Models
In the following, we study dominant and arbitrage trad-
ing strategies between bonds. For this purpose, note that,
starting with P0(·) ≡ 1 and expanding the recursion (1), we
get

Pn(Xt) � exp
(
−∑n−1

i�0
m(g◦i(Xt))

)
: (A.1)

Equation (3) follows from the definition of the n-period
yield and forward rate, yn,t ≡ −log (Pn(Xt))=n and fn,t ≡
(n+ 1)yn+1,t − nyn,t, respectively. In the following results,
we rely on Assumption A.1, which is essential to clarify
the set of admissible time series dynamics.

Assumption A.1. The time series dynamics of Xt admit X as
support.
Assumption A.1 is analogous to the requirement in NA

models that the historical and risk-neutral measures be
equivalent measures. This is a mild requirement because

Figure 7. (Color online) LPY(ii) Regression Coefficients

Notes. Estimates of coefficients φn in the LPY(ii) regression for annual
yield changes based on Equations (11) and (12), where the adjustment
ent is computed based on the real-time model estimation with an ex-
panding sample, are shown. Gna, A1na, and Bna refer to the NA affine
Gaussian model, the affine stochastic volatility model, and the shad-
ow rate model, respectively. Bnd and SV-Bnd refer to the ND Black
models with and without BEKK volatility, respectively. Confidence
bounds for the LPY(ii) regression coefficients from the NA affine sto-
chastic volatility model are provided in the blue shaded area.
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this affords researchers the flexibility to consider rich dy-
namic and distributional assumptions. First, Theorem A.1
checks dominant bond trading strategies: portfolios of
bonds with strictly positive payoffs.

Theorem A.1 (No Dominant Strategies). Assumptions 1
and A.1 guarantee the absence of strictly dominant trading
strategies in the bond markets.

Proof. Let wn denote the amount (in face value) invested
in each n-period bond. Suppose that this portfolio guaran-
tees positive payoffs:

∑
nwnPn−1(Xt+1) > 0 ∀ Xt+1 ∈ X. From

the pricing recursions in Equation (1), the price of this
portfolio is given by∑

n
wnPn(Xt) � exp (−m(Xt)) ×

∑
n
wnPn−1(g(Xt)): (A.2)

Because g(Xt) ∈ X and because
∑

nwnPn−1(Xt+1) > 0 for
all Xt+1 ∈ X, it follows that the price of this portfolio is
strictly positive. Thus, a dominant trading strategy does
not exist. w

Next, we consider portfolios that have a zero payoff
with strictly positive probability but positive payoffs oth-
erwise. The NA condition requires that the price of this
portfolio be strictly positive. Theorem A.1 establishes that
portfolios like this one cannot admit strictly negative pri-
ces in our framework.

Theorem A.2 (Nonnegative Payoffs). Assumptions 1 and
A.1 ensure that bond portfolios with strictly nonnegative payoffs
cannot admit strictly negative prices.

Proof. Let wn denote the amount (in face value) invested
in each n-period bond. Consider a portfolio with strictly
nonnegative payoffs:

∑
nwnPn−1(Xt+1) ≥ 0 ∀ Xt+1 ∈ X. From

the pricing recursion in Equation (1), the price of this
portfolio is given by∑

n
wnPn(Xt) � exp (−m(Xt)) ×

∑
n
wnPn−1(g(Xt)): (A.3)

The price of this portfolio cannot be negative for it re-
quires

∑
nwnPn−1(g(Xt)) < 0, but this would contradict

g(Xt) ∈ X and
∑

nwnPn−1(Xt+1) ≥ 0 for all Xt+1 ∈ X. w

Figure A.1 illustrates Theorem A.2 and clarifies that
what is setting NA and ND apart is the set of zero-cost

portfolios with zero or positive payoffs (both with posi-
tive probability). For portfolios with strictly nonnegative
payoffs, the absence of arbitrage restricts prices to be on
the positive half of the real line, excluding the origin. As-
sumption 1 allows for bond prices on the positive half of
the real line, including the origin. The difference reduces
to one point on the real line, the origin, graphically illus-
trated by Figure A.1.
Figure A.1 suggests that the distance between our mod-

els and the no-arbitrage paradigm is small. Does this dif-
ference matter? Note that Figure A.1 also tells us that any
remaining arbitrage opportunities must involve a self-
financing portfolio with strictly nonnegative payoffs in the
future and with strictly zero setup costs today. However,
a self-financing portfolio must involve short-selling bonds,
and because short positions imply nonzero costs to set up
and to maintain, the specific portfolio in Figure A.1 may
not represent an arbitrage opportunity in a practical sense
for sophisticated long-short investors. The presence of
small transaction costs preventing self-financing strategies
is economically plausible.

Theorem A.3 (Transaction Costs). Assumptions 1 and A.1
rule out all arbitrage opportunities in bond prices if transaction
costs for short positions are positive.

Proof. Consider again a portfolio in which the amount
(in face value) invested in each n-period bond is given
by wn. To account for transaction costs, let us assume
that the setup cost at time t of the portfolio is C0, and
to realize the cash flows at time t + 1, the transaction
cost is given by C1. The existence of transaction costs
means that at least one of C0 and C1 is strictly positive.
The one-period-ahead cash flows net of transaction
costs are given by

CF(Xt+1) �
∑
n

wnPn−1(Xt+1) − C1:

Recall that the absence of arbitrage is equivalent to re-
quiring that any portfolio with nonnegative payoffs must
command a positive price. Thus, the key question here is
as follows. If CF(Xt+1) ≥ 0 for every Xt+1 ∈ X, then can we
show that the price of the portfolio must be strictly posi-
tive, net of transaction costs? The price of this portfolios is
given by

Figure A.1. (Color online) Prices of Portfolios with Strictly Nonnegative Payoffs
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0
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Price(Xt) �

∑
n
wnPn(Xt) +C0

� exp (−m(Xt))
∑
n
wnPn−1(g(Xt)) +C0,

� exp (−m(Xt)) × (CF(g(Xt)) +C1) +C0,
� exp (−m(Xt)) × CF(g(Xt)) + exp (−m(X))C1 +C0,

(A.4)

where the second line follows from Equation (1) and the
third line follows from the definition of the cash flows
CF(Xt+1). The first term on the right-hand side of (A.4) is
nonnegative because g(Xt) ∈ X⇒ CF(Xt) ≥ 0. Additionally,
the last two terms must add up to a strictly positive num-
ber because C0 and C1 cannot be jointly zero. Thus,
Price(Xt) > 0 as needed. w

Endnotes
1 To provide an important example, we highlight the “official” for-
eign holdings of U.S. federal debt; roughly $4 trillion in 2020 repre-
sent, in part, the foreign currency reserve portfolios of various cen-
tral banks (U.S. Treasury Bulletin). As these reserve portfolio
managers face tight risk management restrictions that often pre-
clude credit risk or derivatives, they tend to rely on easy-to-imple-
ment term structure models to manage their high-quality govern-
ment debt duration risk exposures.
2 A rich literature provides accurate and tractable approximation
schemes to easily estimate shadow rate models with constant volatili-
ty. In particular, Krippner (2011), Kim and Priebsch (2013), Priebsch
(2013), and Wu and Xia (2016) provided early practical approximation
schemes for the model in Black (1995) and analyzed the accuracy.
3 Important examples include Kim and Singleton (2012), Krippner
(2013), Priebsch (2013), Christensen and Rudebusch (2014), Bauer
and Rudebusch (2016), and Wu and Xia (2016).
4 See Diebold and Rudebusch (2012) for an excellent survey of DNS
models. Bjork and Christensen (1999) and Filipovic (1999) show the-
oretically that the DNS model does not preclude all arbitrage op-
portunities. Krippner (2013) shows it can be seen as a low-order
Taylor approximation of certain no-arbitrage Gaussian affine term
structure models. Coroneo et al. (2011) find that estimated parame-
ters of DNS models are not statistically different from estimates of
corresponding no-arbitrage models.
5 Additionally, the conditional mean Et[Xt+1] at time t may not be
completely spanned by Xt. This allows for notions of unspanned risks
introduced by Duffee (2011), Feunou and Fontaine (2014), and Joslin
et al. (2014). Likewise, the conditional variances Vt[Xt+1] can be cons-
tant, as in standard Gaussian DTSMs; can depend on Xt itself, as in the
AM(N) models of Dai and Singleton (2000); can depend on the history
{Xt,Xt−1, : : : }, in the spirit of the ARCH literature pioneered by Engle
(1982); or can depend on the history of other risk factors, capturing the
notion of unspanned stochastic volatility in Collin-Dufresne and Gold-
stein (2002), Li and Zhao (2006), and Joslin (2018).
6 The scaling parameter θ of the Bnd model does not play a role in
shaping the volatility dynamics of states. However, we require that
θw(0−σsθ )≥ 0:0005 and θw(0+σsθ )≤ 0:0050. These inequalities constrain
the variation of the shadow rate only locally, near the lower bound.
The NA restrictions tie Sn at every maturity with the underlying
volatility parameters.
7 The linear-rational model of Filipovic et al. (2017), used as the
data-generating process in Section 3, is capable of capturing many
desirable features of the data. However, its estimation is significant-
ly more involved and requires auxiliary information from deriva-
tives markets, which they use in their paper. Hence, given our focus
on tractability, we do not report empirical results based on the
linear-rational model. To maintain a level playing field, we include

only those models for which standard estimation is based on yield
data only and whose global convergence can be obtained in a
straightforward and robust manner.
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Q: 3_Please confirm that the article title, author names, affiliations, and email addresses are set
correctly. If applicable, please provide author ORCID numbers.

Q: 4_Please provide complete details for affiliation “a”.

Q: 5_Please provide department or section in affiliation a; city, state, and country in affiliation
a; and postal code in affiliations a and b.

Q: 6_Please confirm that keywords are correct as set.

Q: 7_Please confirm that heading levels are correct as set.

Q: 8_Please verify that all displayed equations and in-text math notations are set correctly.

Q: 9_Per INFORMS style, built-up fractions included within paragraph text should be con-
verted to their in-line form, i.e., with a solidus rule, as in [a 1 (b/x)]1/2, whenever possi-
ble. Long or complex in-line formulas (within paragraph text) should be set as display
equations. Please review all in-text equations and modify as necessary to be represented
accurately as either display or in-line equations.

Q: 10_Per INFORMS style, all variables should be italic and all vectors should be bold. Please
confirm that all terms have been formatted properly throughout.
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Q: 11_Per style, sentences that begin with mathematical notation should be avoided. Please re-
write sentences that begin with mathematical notation throughout the text.

Q: 12_Please define the abbreviations RV, i.i.d., GLS, VAR(1), LPY, DTSM, and ARCH in the
text.

Q: 13_Please spell out PBC, CIRANO, FRBSB, and MFA in the acknowledgments.

Q: 14_Please provide issue numbers for all journal references.

Q: 15_Please update all working paper references.

Q: 16_Please check that all tables and figures, including their titles and notes (which may con-
tain edits) are set correctly.

Q: 17_Please spell out BEKK in Figures 2-7 legends.

Q: 18_Please spell out BEKK in Tables 2-5 legends.
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